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Abstract

The goal of this article is to consider an Ishikawa type iteration process with errors to approximate the
fixed point of I-asymptotically quasi non-expansive mapping in convex cone metric spaces. Our results
extend and generalize many known results from complete generalized convex metric spaces to cone
metric spaces.
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1 Introduction and Preliminaries

Recently, Huang and Zhang [1] introduced the concept of cone metric space by replacing the set of real
numbers by an ordered Banach space and obtained some fixed point theorems for mappings satisfying
different contractive conditions. The category of cone metric spaces is larger than metric spaces and there
are different types of cones. They also described the convergence of sequences and introduced the notion of
completeness in cone metric spaces. Subsequently, various authors have generalized the results of Huang
and Zhang and have studied fixed point theorems for normal non-normal cones. There exists a lot of works
involving fixed points used the Banach contraction principle.
Consistent with [2] and [1], the following definitions and results will be needed in the sequel.
Let E be a real Banach space. A subset P of E is called a cone whenever the following conditions hold:

1. P isclosed, nonempty and P # {6};

2. v,u€Ry,u=0andu,v € P imply yu + uv € P,

3. u€Pand—u€eP=u=0< PN(-P)=1{6}
Given a cone P C E, we define a partial ordering < with respect to P by x < y ifand only if y —x € P. We
shall write x < y to indicate that x < y, while x < y will stand for y — x € P° ( interior of P). If P # ¢
then P is called a solid cone (see, [3]).

There exists two kinds of cones- normal (with normal constant K) and non-normal cones [2].

Let E be a real Banach space, P € E a cone and < partial ordering defined by P. Then P is called normal if
there is a number K > 0 such that for all x,y € P,

6 < x <y imply |lx|| < Kyl (L1
or equivalently, if, foralln,x, <y, < z, and

ligex, =lig Vv =lig,,2z, =x (1.2)
The least positive number K satisfying (1.1) is called the normal constant of P. It is clear that K > 1.
Example 1.1. (see [3]) Let E = C4[0,1] with ||x|| = [|x]l., + ||x|l.. on = {x € E: x(t) = 0 =}. This cone is

not normal. Consider, for example, x,(t) = % and y,(t) = % Then 6 < x, < ypandlim,,y, =6, but

th _ 1
|l |l = DBX (0,1 |7| + MBX ¢eo,17t™ = - +1>1,

hence x,, does not converge to zero. It follows by (1.2) that P is a normal cone.

Definition 1.1. (see [1] and [4]) Let X be a nonempty set. Suppose that the mapping d: X X X — E satisfies:
1. 0<dxy),Vx,yeXandd(x,y) =0 & x=1y;
(2). d(x,y) =d(y,x),Vx,y € X;
3). d(x,y) < d(x,z2) +d(z,y),Vx,v,z € X.

Then d is called a cone metric [1] or K-metric [4] on X and (X, d) is called a cone metric space [1] or K-
metric [4] (we shall use the first term).
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The concept of a cone metric space is more general than that of a metric space because each metric space is
a cone metric space, where E = R and P[0,+o0).

Example 1.2.

1. Let E=RLP={(x,y) €EE:x,y=0}cRLX=R and d:X XX —> E such that d(x,y) =
(Ix — y|, alx — y|), where @ = 0 is a constant. Then (X, d) is cone metric space [1] with normal
cone P where K = 1 (see [5]).

2. For other examples of cone metric spaces, one can see [4], pp. 853-854.

Definition 1.2. (see [1]) Let (X, d) be a cone metric space. We say that {x,,} is

1. A Cauchy sequence, if for every c € E with 8 < ¢, 3 an N such that for all m,n > N,
d(xy, xp) K c.

2. A convergent sequence, if for every ¢ € E with 8 < ¢, 3 an N such that for all n > N, d(x,,x) <
c for fixed x € X.

3. A cone metric space X is said to be complete, if every Cauchy sequence in X is convergent in X.

Let us recall [1] that P is a normal solid cone, then x, € X is a Cauchy sequence if and only if
[ld(x,, x) || = 0 as n,m — oo, Further, x,, € X converges to x € X if and only if ||d(x,, x)|| = 0 asn — oo.

In the sequel, we assume that E is a real Banach space and that P is a normal solid cone in E, that is, normal

cone with P® # ¢. The last assumption is necessary in order to obtain reasonable results connected with
convergence and continuity. The partial ordering induced by the cone P will be denoted by <.

2 Convexity in Cone Metric Space

Let (X, d) be a cone metric space with a solid cone P and C be a nonempty closed convex subset of X. A
mapping T: C — C is called asymptotically nonexpansive if there exists k,, € [0,00),1 i g, k;, = 0 such that

d(T"x,T™y) < (1 + k,)d(x,y),Vx,y € C.

Let F(T) ={x € X:Tx = x}, if F(T) # ¢, then T is called asymptotically quasi-nonexpansive, if 3 k,, €
[0,00),1i B, k;, = O such that d(T"x,p) < (1 + k,)d(x,p),Vx € Cand p € F(T).

Furthermore, it is I-asymptotically quasi-nonexpansive, if there exists sequence {v,} c (0,0) with
li ., v, = 0 such that

d(T™x,p) < (1 +v,)d("x,p),Vx €C,p € F(T)
where I: C - C be asymptotically nonexpansive mappings with {v,,} < (0, ).
All of the above mappings are contractive mappings. From the above definitions it is easy to see that if F(T)
is non-empty, an asymptotically nonexpansive mappings must be asymptotically quasi-nonexpansive

mappings, but the converse does not hold [6].

In recent years, asymptotically nonexpansive mappings and asymptotically quasi-nonexpansive mappings
have been studied extensively in the setting of convex metric spaces [7,8,9,5] and [10].

In 1970, Takahashi [11] first introduced the notion of convex metric space which is more general space. It
should be pointed out that each linear normed space is a special example of convex metric space, but there
exists some convex metric spaces which cannot be embedded into normed spaces [11].
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Now we introduced the following.

Definition 2.1. Let (X, d) be a cone metric space, and I = [0,1]. A mapping W:X? X I - X is said to be
convex structure on X, if for any (x,y,1) € X? x I and u € X, the following inequality holds:

dW(x,y, ), u) < Ad(x,u) + (1 = Dd(y,w)
If (X,d) is a cone metric space with a convex structure W, then (X, d) is called a convex abstract metric
space or convex cone metric space. Moreover, a nonempty subset C of X is said to be convex if
W(x,y,1) € C,forall (x,y,1) € C* X I.
Definition 2.2. Let (X,d) be a cone metric space, I = [0,1], and {a,}, {b,}, {c,} be real sequences in
[0,1] with a,, + b,, + ¢, = 1. A mapping W: X3 x I® - X is said to be convex structure on X, if for any
(x,9,2,ay, by, c,) € X3 X I3 and u € X, the following holds:

dW (x,y,z,a,, by, cp), ) < apd(x,u) + bd(y,w) + c,d(z,u)
If (X, d) is a cone metric space with a convex structure W, then (X, d) is called a generalized convex cone
metric space. Moreover, a nonempty subset C of X is said to be convex, if W(x,y, z, a,, b,, ¢,,) € C, for all

(x,9,2,a,, by, c,) € X3 x I3,

Remark 2.1. If E =R,P =[0,+),]||.|]| =|.|, then (X,d) is a convex metric space, i.e., generalized
convex metric space.

Example 2.1. Let (X, d) be a cone metric space as in Example 1.2(a). If (x,y,1) = Ax + (1 — 1)y, then
(X, d) is a convex cone metric space. Hence, this concept is more general than that of a convex metric space.

Definition 2.3. Suppose that (X,d) be a cone metric space with a convex structure W: X3 x I3 - X and
f:X = X be I -asymptotically quasi-nonexpansive mapping, [: X — X be asymptotically nonexpansive
mapping. Then an iteration scheme is the sequence of mappings {x,,} defined by

Xnt1 = W (xn, Iy, Un, Qp, by, €1)

yn = W(xn'fnynl Un; a‘;ll b‘;lﬂc‘;l) (21)
where {a,,}, {b,}, {c,.}, {a,,}, {b,},{c,,} are real sequences in (0,1) with a, + b, +c, =a, + b, +c, =1

and {u,},{v,} be two sequences in X satisfying the following condition: for any non-negative integers
n,m,0 <n <m;if §(4,,) > 0, then

MRX st o {114 Ce W x € G v,y € (3,3 1y, fp,0, v} < (A (22)
where App = {x;, yi, Iyi, X, wy, vizn 2 0 2 m} and 8 (Apm) = SUPxyeay,, 1dC0 V).
Then {x,,} is called Ishikawa type iteration scheme with errors.
In the sequel, we shall need the following lemma.
Lemma 2.1. (see [12]) Let {a,,}, {B..}, {¥n}, {1} be four nonnegative real sequences satisfying
a, < A+y)A+pa, +B,¥n=1

Y0 1ty <0, Y% 1 Vn < oo and Yy_y B, < oo, thenli g, a, exists.
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3 Main Results

Before proving our main results of this paper, we shall prove the following lemma.

Lemma 3.1. Let X be a convex cone metric space, C be a nonempty closed convex subset of X, f: C = C be
I -asymptotically quasi-nonexpansive mapping with sequence {k,}  [0,%) such that Y%_,k, <o and
I: C > C be asymptotically nonexpansive mapping with {k,} c [0,00) such that Y%_, k, <o and F =
F(f)NF(I). The Ishikawa type iteration sequence {x,} is generated by (2.1), {u,}, {v,,} satisfying (2.2). If
F# ¢and Y2 ,(c, + ¢;) < o, then

(i) there exists a constant vector v € P\{6} such that
ld(tnsa, I < k(1 + @) (1 + Bl Cen, DI + Kllvlyn
for all n € N and for all p € F, where k is the normal constant of a cone P.
(i) there exists a real number M > 0 such that
lld Cem, I < kMIId G, DI + kM IIVI| ZE23 Y
for all n,m € N and for all p € F, where k is the normal constant of a cone P.
Proof. First, we will show that F is closed. Let {¢,,} © F be such that &, - x asn — .
In addition,

ld(fx, 1l = klld(fx, fE)l + klld(En, 2l
< (L +uyv)klld(En, )l

This implies that fx = x. By the same way, we can get x € F(I). So, x is a common fixed point of f and I.
Thus F is closed set.

(1) Now, forany p € F = F(f)NF() # ¢,
d(Yn, p) = AW (t, f ™ X, Vs Ay by ), D)
apd (X, p) + bpd ("%, p) + Cnd (v, p)
(1 = bp)d(xp, P) = €nd (X, p) + cnd (W, p) + bpd (f "%y, p)
(1 = bp)d (xn, p) + cpd (n, V) + by (1 + k) (1 + ky)d (xn, p)
(14 bk + Ky + k) )d o, ) + € G, ) 3.1)

N

AN AN A

Ad(Xp11,0) = AW (I, I™ Y, U A, by, €1), D)
< apd(Yn, p) + bpd(I"yn, p) + cd (U, p)
< (1 - bn)d(yn! P) - Cnd(yn! P) + Cnd(un'p) + bnd(lnxn'p)
< (1= b)dn p) + cndOn, un) + bp(1 + kp)d (. )
< (1 + bukn)d (Y, p) + Cud (Y, ) (32)

Substituting (3.1) into (3.2), it can be obtained that
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1+ a D[ + Bd(xn, ) + cnd (v + cnd (Y, up)
1+ a,)(A + A0 p) + (1 + a)cnd (X, vy) + €ud (Y, upn)
A+ a,)A + B)d(xpn, p) + ¥V

d(Xp1,p) <
<
<

where a,, = bk, By = by(ky + ko + knky), Vi = € + ¢ and v = (1 + k) [d (x,, v) + d (v, u)].

Now (i) follows from (1.1), where k is a normal constant of the cone P.

(i) Ifx = 0, then 1 + x < e*. Therefore from (3.3),

A p) S I+ ap-1)(A + Bin-1)d(Xm-1,P) + Yim-1V
S A+ apeq + Bt + Oe1Brn-1)d (X1, D) + Vin-a v
< eam—1+ﬁm—1+am—1ﬁm—1d(xm_l’p) + Y1V
< e¥m-1+Bm-1+am-1Bm-1 [eam—z+l3m—z+“m—2ﬁm—2 d(Xpm—21p) + )’m—zv] + Y1V
< e@m-1t@m-2)+(Bm-1+Pm-2)+(@m-1fm-1+am-26m-2)d(x,, _,, )

+eam—1+ﬂm—1+am—1ﬂm—1ym_2v + Vo1V
< e(“m—l“'am—z)"‘(ﬁm—l +Bm-2)+(@m-1Pm-1tam-2Bm-2) d(xm—Z! p)

+etm-1+tbm-rt@m-1Bm-aly 4y |y
< e(am—1+am—2)+(ﬁm—1+ﬁm—2)+(am—1ﬂm—1+am—2ﬁm—2)d(_xm_z'p)

+etm-1+tbm-1t@m-1Bm-a[y 4y

XIS I d (s, p) + P T (S Yo

Md (%3, p) + Mv(ET51y;) (3.3)
where M = eZn @+hiaih)

Further (ii) follows from (1.1), because P is a normal cone with normal constant k.

This completes the proof of the lemma.

Theorem 3.1. Let X be a convex cone metric space, C, f, 1, {x, } be same as in Lemma 3.1 and F # ¢. The
Ishikawa type iteration sequence (2.1), {x,,} converges strongly to a common fixed point in F' if and only if

1imnf_|ld(x,, F)|| = 0, where ||d(x,, F)|| =i nfd(x,,p):p € F}.

Proof. Since ||d(x,, F)|l =i nfd(x,, p):p € F} <infd(x,,p):1im,,x, =q € F} =0, it follows that the
necessity of the condition is obvious. Thus, we will only prove the sufficiency.

From Lemma 3.1(i), we have
ld Cen, Il < k(1 + @) (1 + Br)d(xn, ) + Kllvllyn

Notice that ¥'2_; k, < o0, Y%k, <0, ¥%_;(c, + ;) < oo for all n € N and {u, }, {v,} satisfying (2.2),
we havethat li g, a, =limg,, B, =1im,,¥, = 0. Also by Lemma 2.1, 1 i no, . ||d(x,, F)|| exists.

According to the hypothesis, 1 i mi nf,_,.||d(x,, F)|| = 0, hence we have 1 i . ||d(x,, F)|| = 0.
Next, we show that {x, } is a Cauchy sequence.

Let € > 0. By Lemma 3.1(ii), there exists a constant M > 0 such that

ld Cem, DIl < kMIId e, DI + KM 1IN 275 Y5 G4
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forallp € Fand m > n.

Since 1 i B, ||d (x,, F)|| = 0 and Y%, (c,, + ¢;,) < oo, there exists a constant N; such that for all n > N;

&
Ild G, e vy < k2 lvlM

We note that, there exists p; € F such that ||d(xN1,p1)|| 3k2M

It follows from (3.4) that for allm > n > Ny,

1dGemy 21l < Felld G, 1) + d G, )
< klld G, I+ Jld o, P

<M |y, o) + K2 IvIIM By,

< k2M||d(xn,, o) || + K2 lvllM 2728, v

< kzMIId(xNﬂpl)Il +I2IvIM ZI, Y

< k*M Iv||M ——— + k*M

2
6k vliM s * llvIM
=¢

kzIIVIIM

Since € is an arbitrary positive number, hence {x,} is a Cauchy sequence, therefore it converges to a point,
say p € C, and 11 np,.||d(xp,, F)|| = 0 gives that ||d(x,, F)|| = 0. By Lemma 3.1, we know that F is
closed. Thus p € F. This completes the proof of the theorem.

Ifweset E=R,P =[0,00),d(x,y) = |x—7vy|,x,y € R, thatis ||.|| = |.|, we get the following corollary.

Corollary 3.1. Let C be a nonempty closed convex subset of a Banach space X, f and I be same as in
Lemma 3.1. Let F = F(f)NF(I) # ¢. For any given x; € C,{x,} is an Ishikawa type iteration scheme with
errors defined by

Xns1 = AV + by + cpyn
Yn = AnXn + bpf"Xn + Cuvp,n 2 1 (3.5)

where {a,,},{b,}, {c,.}, {a,.}, {b,}, {c,} are real sequences in [0,1) with a, + b, + ¢, =a, + b, +¢c, =1
and {u,}, {v,} are bounded sequences in C. If ¥%_,(c, + c,;) < oo, then {x,,} converges strongly to a
common fixed point in F if and only if 1 i mi nf,_,.||d(x,, F)|| = 0, where

d(x,,F) =infd(x,,p):p € F}

Theorem 3.2. Let X be a convex cone metric space, C be a nonempty closed convex subset of X, f: C = C
be I -asymptotically quasi-nonexpansive mapping with sequence f{k,} < [0,0) and I:C - C be
asymptotically nonexpansive mapping with {k,} c [0,00) (without the conditions Y%_, k, < o and
Yo _k, <o) and F = F(f)NF(I). The Ishikawa type iteration sequence {x,} is generated by (2.1),
{u,}, {v,} satisfying (2.2). If F # ¢ and Y5_,(a, + b, + c,) <, then {x,} converges strongly to a
common fixed point in F if and only if 1 i mi nf_,||d(x,, F)|| = 0, where d(x,, F) =i nfd(x,,p):p € F}.

Proof. Foranyp € F,
d(tni1,0) = AW Yy ™Yy U @y b, €1), D)

< apd (Y, p) + bypd(I"yy, p) + cpd(up, p)
< apd (Y, ) + by (1 + kn)d (Y, p) + cpd(un, ) (3.6)
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A p) = d’(W(xn: %, ?Jn; a;L' br’u CT’L): p)
< and(xn,p) + bnd(f"xn,p) + c,,%d(vn,p) ’
< apd(xy,p) + by (1 + k) + ke )d (x, p) + € d (v, p) 3.7
Substituting (3.7) into (3.6), it can be obtained that
ACtnar, ) < (@ + ba(1+ k) [(@ + bl + k) (1 + k) )d s ) + € d (W, )| + €ty )

< (@n + b1+ 12) ) [ Cen, D) + 1, D] + €l (i, D)
<A+ ay)d(x,,p) + ayv (3.3

where @, = ay, + by + Cp, ¥ = ay + by(1 + kp)(1 + kp) and v = (1 + kp) ey (d (v, p) + d (U, p)).

Since {u,}, {v,} satisfying (2.2), Y5_(a, + b, + ¢,) < o for alln € N, thus 1 i m,, @, = 0. By Lemma
2.1, 1im,,|ld(x,, p)l| exists for each p € F. Hence Theorem 3.2 can be proven by Theorem 3.1.

Ifweset E=R,P =[0,00),d(x,y) = |x—y|,x,y € R, thatis ||.|| = |.|, we get the following corollary.
Corollary 3.2. Let C be a nonempty closed convex subset of a Banach space X, f and I be same as in
Theorem 3.1 and F = F(f)NF(I) # ¢. Let {x,,} be an Ishikawa type iteration sequence defined by (3.5). If

*_1(ay + b, + ¢,) < o, then {x,} converges strongly to a common fixed point in F if and only if
limnf_|ld(x,, F)|| = 0, where d(x,,, F) = infd(x,,p):p € F}.
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