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Abstract

In the present paper, we introduced the concept of generalized multi-valued contraction mappings, via the
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investigated. We give an example to support our main result.
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1 Introduction

In 1922, Stefan Banach [1] proved a fixed point theorem for contractive mappings in complete metric spaces. In
1969, Nadler [2] Introduce the concept of Multi-valued function. In 1989, Bakhtin [3] introduced the concept of
b-metric space opens a gate to further generalization of metric space. Later, Czerwik [4,5] initiate the concept of
b-metrics which generalized usual metric spaces. After his contribution, many results were presented in f3-
generalized weak contractive multifunction’s and b-metric spaces. In 2007, Huang et al. [6] introduced cone
metric space with normal cone, as a generalization of metric space. In 2012, Aydi et al. [7]. Reformulate the b-
metric space. Many researcher work in this area of research of multivalued function and b-metric spaces
[8,9,10,11,12,13,2,14]. Liu and Xu [15] introduced the notion of cone metric space over Banach algebras,
replacing Banach spaces by Banach algebras as the underlying spaces of cone metric space. They improved the
fixed point theorems for (¢, &)-multi-valued mappings on cone b-metric spaces over Banach algebra, via the
class functions @ and .

Let 2 be a real Banach algebra, i.e. 2 is a real Banach space in which an operation of multiplication is defined,
subject to the following properties:

Forall o,c,u eAD ER

(i) o(se) = (09)s;

(ii) o(c+¢) =06+ ocand (¢ +¢)e = o& +¢¢;
(i) d(e¢) = (ag)s = o(ds);

(iV)llesli<llellll gl

We shall assume that the Banach algebra 2 has a unit, i.e., a multiplicative identity e such that eo = ge = o for
all o € A. An element g € A is said to be invertible if there is an inverse element ¢ € A such that g¢ = ¢o = e.
The inverse of g is denoted by o~1.

Let A be a real Banach algebra with a unit e and o € 2. If the spectral radius p(o) of g is less than 1, that is
1 1
p(@) =lim |l o" In = inf [l @" In < 1
n—oo nz1
then e — g is invertible. Actually,
(e—0) " =%20:
A subset B of A is called a cone of A if

i. {6,e}cB,
i. P2=PPc B, Pn(—P) ={6},
iii. BP+ AP CB,VH B ER

For a given cone P c A, we define a partial ordering < with respectto B by ¢ < ¢ ifand only if ¢ — o € B; 0 <
¢ will stand for o < ¢ and ¢ # ¢, while o < ¢ stand for ¢ — ¢ € intB, where intB denotes the interior of P. If
int$ = @, then P is called a solid cone. Write || .|| as the norm of 2A. A cone B is called normal if there is a
number Mt > 0 such that v g, ¢ € A, we have

O<os<¢=leol=sMMIcgl.

The least positive number satisfying above is called the normal constant of 8. Note that, for any normal cone B
we have I > 1.

In the following we suppose that 2 is a real Banach algebra with a unit e, B is a solid cone and < with respect
to B.
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2 Preliminaries

Lemma 2.1

(see [15]) If € is a real Banach space with a cone B and if b < o withd e Pand 0 < § < 1,thend = 6.
Lemma 2.2

(see [15]) If € is a real Banach space with a solid cone P and if 8 < u « ¢ for each 6 < ¢, thenu = 0.
Lemma 2.3

(see [15]) Let B be a cone in a Banach algebra 2L and K € B be a given vector. Let {u,} be a sequence in PB. If
Vog>»60,33u, LK Vn> %N, thenVe, > 0,3N, 3 Ku, L, V>N,

Lemma 2.4

(see [15]) If € is a real Banach space with a solid cone P and {g,} = B is a sequence with || g, - 0(n - ),
thenvV O < ¢, 3T € N3 n> N we have, o, < ci.e.,{o,} IS a c-sequence.

Lemma 2.5

(see [16]) Let A be a Banach algebra with a unit e, 4, 7 € 2. If « commutes with 4, then
pli+7) < p(i) +p@). p(if) < p(Dp(H).

Remark 2.6

(see [16]) If p(o) < 1,then|l g, ll> 0asn — oo.

Definition 2.7

(see [17]) Let X be a non-empty set, w = 1 be a constant and 2 be a Banach algebra. A function D: X X X - U
is said to be a cone b-metric provide that, for all g,¢, € € X,

(d1) Dy(o,6) = Oifandonlyifp = ¢;
(d2) Dy(e,6) = Dp(s, 0);
(d3) Dy(e,€) < w[Dyp(o,6) + Dy(s, 8]

A pair (X, Dy) is called a cone b-metric space over Banach algebra 2.

Example 2.8

Let A = C[d, &] be the set of continuous functions on the interval [d, &] with the supermum norm. Define
multiplication in the usual way. Then 2 is a Banach algebra with a unit 1. Set B = {o € W: o(t) = 0,t € [d, 4]}
and X = R. Defined a mapping Dy:X X X - A by D,(0,¢)t) = |o —¢|Pe!Vo,c € X, where p>1is a
constant. This makes (X, D,,) into a cone b-metric space over Banach algebra 2 with the coefficient b = 2P~1,
but it is not a cone metric space over Banach algebra since the triangle inequality is not satisfied.

Definition 2.9

(see [17]) Let (X, D;,) be a cone b-metric space over Banach algebra 2, ¢ € X, let {o,.} be a sequence in X. Then

i. {o.} converges to o whenever for every ¢ € & with 8 « ¢ there is natural number n, 3 D, (0, 0) <
¢, V 1 = ny. We denote this by lim, ., 0, = 0.

10
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ii. {o0.} is a Cauchy sequence whenever for every ¢ € A with 6 « ¢ there is natural number n, 3
Dy (04, 0) K ¢,V 11,11 = 1.

iii. {0, Dy} is complete cone b-metric if every Cauchy sequence in X is convergent.
Remark 2.10
(see [18]) Let (X,D,) be a cone b-metric space over Banach algebra 2 with the coefficient w > 1, denote
N(X) = {A: A is non emptg subset of X} and s(p)={qgeCp<q} for geU ,
5(0,8) = Ugens(Dy(d,4)) = Ugenlo € A D,(d, &) < 0} ford € X and B € N(X).
For A, B € 9N(X) we denote

5(A, B) = (Nyes 5(0,B)) N (Npeps(H, A)).

Remark 2.11
(see [18]) Let (X, D,) be a cone b-metric space over Banach algebra 2, with the coefficientw > 1. f A =R
and P = R¢ then (X,D,) is a metric spac. Moreover, for A, B € EB(X),H (A, B) = infs(A, B) is the
Housdorff distance induced by D,,.
Definition 2.12

(see [18]) Let (X, D) be a cone b-metric space over Banach algebra 2. A map J: X - €B(X) is said to be
multi-valued contraction if 3 0 < s < 1 such that H (Je,J¢) < s D, (o,¢), forall g,¢ € X.

Lemma 2.13

(see [18]) If A,B € EB(X)andd € A, then for each € > 0, there exists & € B such that D,(d, &) <
H(A,B) + €.

Lemma 2.14
(see [17]) Let € be a real Banach space with a solid cone B

1) If by, 0,03 € €Eand d; < b, K b3, then by K bs.
2) Ifd, € Pand v, K b; foreach d; > 6, thend, = 6.

Lemma 2.15

(see [17]) Let B be a solid cone in a Banach algebra . Suppose that b € B and {o,.} < B is a c-sequence. Then
{bo,} is a c-sequence.

Lemma 2.16

1
(see [17]) Let A be a Banach algebra with a unit e, € 2, then lim || ™ [I= exists and the spectral radius p(b)
n—0oo
satisfies

1 1
p(®) = rl{lj{)l(} 15" lIIn = inf || " [|n.
If, then (e —B) is invertible in 2, moreover,
- w b
(66 - b) 1 = Zi:oﬁl

where & is a complex constant.

11
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Definition 2.18
(see [10]) LetJ, 2: X — X be a mappings on set X.
1) Ifw = Jp = Lo for some o € X, then g is called a coincidence point of J and £, and w is called a point
of coincidence of J and L.
2) The pair (3, £) is called weakly compatible if 3 and £ commute at all of their coincidence points, that is,
IR0 =830, Vo EC(T, L) ={o€X:Jpo= Lo}
Lemma 2.19

(see [10]) Let 3 and £ be weakly compatible self-maps of a set X. If 3 and £ have a unique point of
coincidence w = Jp = Lp, then w is the unique common fixed point of 3 and L.

3 Main Results
We prove a unique fixed point for generalized (¢, &)- multi-valued mappings via the class functions @ and ¥.
Lemma 3.1

Let 2l be a Banach algebra with a unit e,h € U, if § is a complex constant and p(p) < |§], then p((Se —
b—1<15—pp.

Proof. Since p(b) < |§], it follows by lemma 2.16 that (§e — b) is invertible and
-1 _ v bt
(e —p)" = Zi:OW'

Setw = };2 05;1,(0“ =L Oém, then w, - w(n — o) and w, commutes with w Vv n. It follows immediately
from lemma 2.5 that

p(wy) = plw, — 0+ w) < plw —w,) + plw) = p(w,) — p(w) < p(w — ),

p(w) = plw = w, +w) < plw —w) +plw) = pw) - plw) < p(w—wy),
Which imply that

lp(w) = p(@)] < plw —wy) <l w =, 1= plw,) = pw) (= ).

Thus again by lemma 2.5,

p((6e—p)1) = (Z 5l+1> = p(w) = lim p(w,)
=0

n bl
= lim p( —_— )
1—>00 61+1
i=0

o lmr
<lm ) “oer

i=0

o] 1
new 571 151 = p(o)

12
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Lemma 3.2

Let & be a Banach algebra with a unit e and 9 be a solid cone in . Lety € Aand g, = y". If p(y) < 1, then
{o,.} is a c-sequence.

1 1
Proof. Since p(y) = lim, o, I y" " < 1,then 3t > 0 3 lim,_,, Il y" IIr < 7 < 1. Letting n be big enough, we

1 1
obtain || y" lIn < , which implies that || y" "< " - 0(n - ). So || y" | = 0, i.e., Il g, II= O(n — ). Note
that v ¢ > 6, there is § > 0 such that

U(,B)=fe€E:lg—cli< B} cP.

In view of || g, llI-> 0(n > ), AN 3|l o, I<K BVYn>N. Consequently, I| (c—g,) —cll=1l o, I< B, this
loadsto ¢ — g, € U(c, B) < B, that is, ¢ — g, € intB, thus g,, K cVn > N.

Definition 3.3
Let A be a Banach algebra and B = R be a cone in A. A mapping &: B — B such that

1) & is non-decreasing and continuous;

2) lim,_. (1) = 6 forall (t € P),t = 0, where " stands for the nt" iterate of F;
3) &@) <tforeacht > 0;

4) (6 =6.

Definition 3.4
Let A be a Banach algebra and 8 = R{ be a cone in A. A mapping ¢: B — B such that:

1) ¢ is monotone non-decreasing and continuous;

2) {¢"(1)} (t > 0)is a c-sequence in B;

3) If {u,} is a c-sequence in B, then {¢p(u,)} is also a c-sequence in PB;
4) ¢(t) = Kt, for some (K € B), KX > 0.

Theorem 3.5

Let (X, D,) be a cone b-metric space over Banach algebra 2 and B be a solid cone in 2 with the coefficient
w=1.5€P (i =1,2,..5) be a generalized Lipschitz constant with 2wp(hs) + (w + 1)p(H; + b, +
@ h3+wh4 <2 Suppose that 5 commutes with p7+52+«w p3+wh4 and the mappings 3£ X—-CB(X) be
generalized multi-valued (¢, §)-contraction mapping, satisfies that

P(H (I0,29)) < F(P(M(0,¢) 1)
where,

Dp(0,26)
+Dp (0.8 ¢)

Dp(0.30) Dp(5.86)
M(Q'S'):[hl bie.=2 +[)21 e +b31

Dp(5,30)
Dy (250 TS +has + bsDy (0,¢)

+Dp(5,30)

where, ¥ € ¥, ¢ € & such that vV g,¢ € X. Moreover, if 3 and £ are weakly compatible, then 3 and £ have a
unique common fixed point.

Proof. Fix any ¢ € X. Define o, = ¢ and let o; € J0,, 0, € Lo, suchthat g,,.1 = J025,

Oan+2 = L02q41, DY lemma 2.13, we may choose g, € L9, such that

@(Dp(01,02)) < ¢(H(S00,L01)) + (b1 + bs + wh3)

13
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+ +
b1 1+Dp(20.300) b2 1+Dp(01,801) bs 1+Dp(00,201)

/ Yl e 3
D,(04,0,)) < | Dp(01,300) |
¢(Dy(01,02)) \ +b471+[7b(91‘390) + bsDy (00, 01) /

+(b; + bs + wh3)

Dp(00,300) Dp(01.201) Dp(00.201) \

Dp(00.01) Dp(e1.02) Dp(00.02)
+ +
/ b 1+Dp(00,01) b 1+Dp(e1.02) b3 1+Dp(Q0.02) \

| ()
(w ® (leb(QO' 01) + 52D, (01,02) + b3Dy, (00, 92)))

+Dp(e1,01)

+54M + bsDp (00, 01) |
+(b; + bs + wh3) /

IA

+94Dp (01, 01) + HsDp (00, 01)
+(b; + bs + whs3)

@ | +hsw [Dy (00, 01) + Dy (01,02)]
+95Dp (00, 01)

+(b; + b5 + wh3)

Y
( H1Dy, (00, 01) + b2D, (01, 02)
Y

(b1 + wbsz + Hs)Dy, (00, 01)
v ((p( +(b2 + wbsz)Dp (01, 02) ))
+(b; + bs + whs3)

IA

which implies that

(b1 +hs + whs)y ((P(Db (2o, 91)))) 2)

(e — b, — wh3)@(Dy(01,0,)) < <
+(b; + bs + wh3)

Then,

®(Dp(02,01)) < @( H(R01,300)) + (b, + bs + wbh,)

b Db(gl,ﬁgl) + b Db(Qo,SQo) Db(QLSQO)
ne 114Dp(01,201) 2 14Dp(00,300) 3 14Dp(01,300)
< Dp(00,801)
®(Dy(02,01)) < +h, —2 2221 4 b D, (01, 00)

41+Dp(00.201)
+(b, + bs + wh,)

B Dp(01,02) +9 Dp(00.01) +b3lDb(Q1.91) \

" 1 1+Dp(01,02) 2 1+Dp(00,01) +Dp(e1,01)
= ¢ + Dp(Q0,02) D
D4 o ooy T 5P (00, 01)
+(h2 + bs + why,)

" ((p (Ith (01,02) + 52D, (00, 01) + 3Dy (01, Q1)>>
+H4Dp (00, 02) + HsDy (00, 01)
+(b2 + bs + why,)

<

14
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/ H1Dy,(01,02) + H2D5 (00, 01) \
<| Y| @ | +baw[Dy (00, 01) + Dp(01,02)] |
- \ +bsDy (00, 01) /

+(b2 + bs + wh,)

(52 + bs + whs) Dy (00, 01)
= <¢ ((p( +(b; + why)Dp(02,01) >>>
+(b, + bs + wh,)

which implies that

(e —b, — (UI)4)(P(Db (04, 91)) < <(bz + b5 + wh )Y (‘P(Db(@o, 91)))) (3)
+(b, +bs + why)
Adding inequalities (2) and (3), we obtain ¢ (D, (04, 0;)) Where,
2hs +bH; + b,
(2e — by — by — whs — wh,)e(Dy(es, 02)) < <(+w oyt wp) ¥ (#(DsCoo 90») 4
+(2hs + b, + b, + w b3 + wh,)
Denote b; + b, + w b3 + wh, = b, then (4) yields that
(2e = ))p(Dy(01,02)) < (205 + 5 )y (@(Dy(20,01)) ) + (2bs + b) 5)

Similarly, it can be shown that, there exists g, € Jg;, 05 € L9, such that

@(Dp(02,03)) < @(H(I01,20,)) + (b2 + bs + wh,)?

B Dp(01,301) +1, Dp(02,802) +5 Dp(01.802)
e L 1+Dp(01.301) 1+Dp(02,202) 3 1+Dp(e1.202)
®(Dy(02,03)) < _Dple2,301)
(Dy (02, 03)) +b41+Db(deQ)+b5 Dy(01,02)

+(b; +bs + wb3)2

Dp(e1,02) Dp(e2.03) Dp(e1.03)
/ ( 1+Dp(01,02) + D2 14+Dp(02,03) D3 1+Db(Q1.93)> \

Dp(02,02)
+D, 1+Dp(02,02) + HsDyp (01, 02)
< (lp

+(b; + bs + wh3)?
leb(Ql 02) + 52Dy (02, 03)
@ +b3w [Dy (01, 02) + Dy (02, 05)]

I)1Db(91 02) + 52D (02, 03) + b3Dp (01, 93)))
494D, (02, 02) + HsDp (01, 02)

+(b1 +bs + wh3)?

+hsDyp (01, 02)
+(; +bs + wb3)2

+(b2 + wh3)Dp (02, 03)

(1/) (1)1 + whs + bs)Dy (01, Qz))))
+(b; +bs + wb3)

15
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which implies that

(6)

(e — by — whs)9(Dy(01,02)) < <(b1 * 05 + b)) (ga(Db (o, QlD))

+2(h; + bs + wh3)?

Then,

@(Dp(03,02)) < ¢( H(80,,301)) + (b2 + bs + wh,)?

B Dp(02,802) +5 Dp(01,301) +5 Dp(02,301)
L14Dple22ez) = 72 1+DplerSer) | 73 14+Dp(e2.3e1)

Dp(e1.802)

vle
D, (03,05)) < _Doertes)
¢ (Dy(03,02)) < | 04 o0 P+ 13D, (02, 1)

\ +(b2 + bs + why)?
Dp(e2.03) Dp(e1.02) Dp(e2.02)
bl 1+Dp(02,03) + bz 1+Dp(01,02) b3 1+Dp(02,02)
= w (p b Db(Ql 93) b D ( )
4 T4Dp(0109) sUp 02,01

+(b2 + bs + wh,)?

(1/) ((p I)1Db(92 03) +b2D,(01,02) + H3Dp (02, Qz))))

+94Dy (01,03) + bsDp (02, 01)
+(h2 + bs + wb4)

/ b1Dy, (02, 03) + H2Dp (01, 02) \
Yl +[)4(U [Dy (01, 02) + Dy (02, 03)]
\ +bsDp (02, 01) )
+(b, + bs + wh,)?
(bz + bs + wha) Dy (01, 02)
("’ ("’ (b, + wh;)Dy (2, 05) ))>
+(b, + bs + wh,)?

which implies that

2
(e — B, — 0h)@(Dp(es,05)) < ((bz + bs + why) Y (‘P(Db(QOr Ql)))> %)
+2(h; + bs + why)?

Adding inequalities (6) and (3), we obtain ¢ (D, (04, 0;)) Where,

2bs + by +by)?
(En o) o(Datez ) < <(+5) 5y b o) w("’(D"(Q"'Ql)))) ®)

+2(2hs + by + b, + whz + wb4)2

Denote b; + b, + w b3 + wh, = b, then (1.8) yields that

(2e = 1)@ (Dy(01,02)) < (205 + )29 (9(Dy (20, 01))) + 2(2bs + b)? ©)

Continuing this process, we obtain by induction a sequence {g,} such that g,,,1 € 3020, 0Ozn+2 €
20,41 SUch that

16
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(p(Db(QZrHl' 92n+2)) < (p(H(SQZn: 292n+1)) + (b2 + bs + why) 2!

Dp(e2n.302n) Dp(02n+1.802n+1) Dp(02n.202n+1)

b1 1+Dp(02n,302n) 2 14Dp(0an+1,202n+1) 3 14Dp(02n 202m+1)
< Dp(02n+1,302n)
< Doleaniaien) |y p, c )
+D, 14D (021 1.502m) b5Dp (020, 02041

+(b, +bs + wb4)2n+1

/ b, 1Db(92n192n+1) + Dp(02n+1,02n+2) +1s 1Db(92n.Q2n+2) \

W +Dp(02n.Q2n+1) 2 14Dp(e2n+1.02n+2) +Dp(02n,Q2n+2)
= | Dp(@2n+1.Q2n+1)
— ===+ b D, ,
\ 1D, 14Dy (02ms 1,02me1) bsDp (02n, O2n+1)
+(b2 + bs + why)?"H!

51Dy (02n) 02n+1) + D2Dp (02141, 02n+2)
Y| @| +b30[Dy (020, 02n41) + Dy (Q2n41, 02n42)]
+b5Dp (021, O2n+1)

+(b, + bs + wh,)?"*!

IA

" ( ((1)1 + bs + wh3) Dy, (020, 92n+1)>>
+(b2 + ©H3)Dp (2041, O2n+2)

+(b2 + bs + why) 2!

which implies that

(b1 + b5 + wh)yY (‘p(Db (02n 92n+1)))> (10)

—_ - D n+1» n+ S
(e = b — wh3)@(Dy (Q2n+1, 02n+2)) ( +(B, + bs + wh,)2n+1

Also,

(p(Db(QZn+2' 92n+1)) < @(H(L02n+1,3021)) + (2 + bs + wh,) ™!

b Dp(02n+1.802n+1) Dp(e2n.302n) ) Dp(02n+1,302n)
vl o L 1+Dp(ean+1.802n+1) 2 1+Dp(e2n.3021) 3 14Dp(0an+1.3021)
< Dp(02n.202n+1)
= +bh, ————————+Db:D,
k D D} (@2m802mes) BsDy (021141, 02n)
+(bz + bs + why )2

2
1+Dp(02n+1,.02n+2) 1+Dp(02n.02n+1) +Dp(02n+1.02n+1)

¢

Dp(2n.0 )
54% + 95Dy (02n+1, 02n)

+Dp(02n,02n+2)

b, Dp(Q2n+1,.02n+2) +9 Dp(02n.02n+1) +0, 1Db(Q2n+1vQ2n+1) )

+(h; + bs + why)**?

Y

<
+b5Dp (02141, 02n)

+(b2 + bs + why)*"*!

51D (Q2n+1, 02n+2) + D205 (021, 02n+1)
@ | +920[Dy (020, 02n+1) + Dp(Q2n+1, Q2n+2)] )

(w
(
K

+(b; + @)Dy (02n+1, 02n+2)

(l/) ((p (I)z + bs + why) Dy (020, an+1)>>
+(b, + bs + why)?" !
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(b2 + bs + wh )Y (‘P(Db (020, 92n+1)))> (11)

(e—bh + (UI)4)(P(Db (92n+2'92n+1)) < ( i
+(b, + bs + wh,) m

Add up (10) and (11) yields that

n 2hs + by + b
(Z—ewb bl— (u?)z) ‘P(Db (02n+1, 92n+2)) = ( twhs + wh, ) 4 ((p(Db (@2n an+1))) (12)
° * +(2bs + by + by + whs + wh, )

Denote b; + b, + w b3 + wh, = b, then (1.12) yields that

(2ps + D)y ((P(Db (02n 92n+1))>> (13)

2e — D n+1» n+) =
(2e = D)9(Dp (02141, 02n42)) ( +(2b + B2

Therefore,

@Dy (0n 0n+1)) < @(H(I0n-1,80,)) + (2bs + by + b, + whs + wh,)"

2hs +h; + Db,

b Y (@(Dp(2n-1,0n))
(Z—ewb:h— wgi) @(Dp(0n, 0ns1)) < ( ( Febs T wIZ)‘I;5>+ 151 + I:z " 1 )
* ( +wbs + wb4>

(14)

Denote b; + b, + w b3 + wh, = b, then (1.14) yields that

(26 - b)(p(Db (Qn: Qn+1)) < (st + b)l,b (‘p(Db(Qn—lx Qn))) + (st + b)n (15)
Note that
2p(H) < (0 + Dp®) < 2wp(hs) + (w + Dp(h) <2

p(H) < 1< 2,then by lemma 2.16 it follows that (2e — ) is invertible. Furthermore,

Ge-p)yt = o

i=0

By multiplying in both sides of (2.15) by (2e — )1, we get

(2e —9)"1(2hs + HHyY (<p(Db (@n-1, 90))) (16)
+(2e —H)"*(2bs + H)"

Lety = (2e —h)~1(2hs + b), then by (1.16) we get

@(Dy(2n, 0ns1)) < (

@(Dy(0n ,0n+1)) < WY PDy(n-1,0:))) +¥"
<vy (V(p(Db(Qn—z : Qn—l))) +2y"
=1 (qu)(Db(en_z, Qn—l))) +2y"

<y"p (@(Dyl00,01))) +ny™
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Since hs commutes with b, it follows that
_ bt
(2e — 1) 71(2bs + ) = (Z20557) (2bs +b)

=2 (Z?io 2?%) bs + (Zlin:o 21%)

=25 (220 0) + 0 (220 57)
= (205 + ) (20507) = (205 +H)(2e — B)™
then, (2e — b)~* commutes with (255 + b). Note by Lemma 2.5 and Lemma 3.1 that
p() = p((2hs +H)(2e —H) ™)

< p((2e —=p)™) p((2bs + b))

< 1
2-p(®)

[2p(bs) + p(H)]

1
T 2-p(h1+h2+w hz+why)

[20(hs) + p(hy + b, + @ b3 + wh,)]

<=, [since 20p(bs) + (@ + D) (p(by) + p(v;) + w p(h3) + w p(h)) < 2]

which establishes that (e — wy) is invertible and || y™ |- 0(m — o). Hence, foranym = 1,p>1andy € B
with p(y) < % we have that

¢ (Db (Qm' Qm+p)) < 1/)(¢w [Db (Qm: Qm+1) + Db (Qm+1' Qm+p)])

Db (Qm+1» Qm+2) )

< aﬂ/)(ﬁbDb (@m, Qm+1)) + @Y <¢ [+Db(Q +2 Om+ )
m+2) Sm+p

/wlp(qub (er Qm+1)) + wzll}((pr (Qm+1» Qm+2))
+w3lp(¢Db (Qm+21 Qm+3)) + -

= k +o? Y (¢Db (Qm+p-2 Qm+v—1)) J

+wP 1P (¢Db (@m+p-1 @mp ))

/wy"‘w(qﬁDb(eo, 01)) + w*y™ ' Y(pD, (0o, 91))\
< +a)3ym+21/)(¢Db(Q0, 91)) +
B k +wP Yy ™2 (¢ Dy (00, 01)) )
+wPy ™ 1Y Dy (00, 01))

= wy™[e + wy + w*y? + -+ (0y)* 1Y ($Dy (00, 01))
< wy™(e — a)y)_ll,b((j)Db (0o 91))-

In view, | wy™p(¢Dy(00,01)) IS wy™ Il (D, (00, 01)) -0 (m > ), by lemma 2.4, we have
{a)ymz,b(¢Db (00, Ql))} is a c-sequence. Next by using Lemma 3.2 and lemma 2.15, we conclude that {o,,} is a
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Cauchy sequence. Since (X, D) is complete, there exists s € X such that g,, = s. We shall prove that s is a
common fixed point of 3 and £.

P(Dy(5,39)) < Y(@(w [Dy(s,02n41) + Dy (02041, 39)]))
< ¢(‘P(w [Dy (5, 020n41) + H (02n+1, 55)]))
@Dy (s,89)) < 11’(‘!’(‘” [Dy (5, 02n4+1) + Dy (92n+1'25)])) (17)

< Y(p(w [Dy(5,02n+1) + H (020, L))
Where,

Dp(5,85)
+Dp(5,85)

) Dp(02n,302n)
1 1+Dp(02n,302n)

(P(%(QZn,EQ)) sYle +h Dp(021n,25) +5 Dp(5,302n) 5D, ( 9
3 14Dp(02n.29) 4 14Dp(s,S02n) sUp(@2n)

+ b,
(18)

Using (18) in (17) and letting as n — oo, we obtain,

@Dy (5,85)) < P(@(w Dy(s,5))

Dp(s,5) Dp(5,85) Dp(5,85)
b1 14Dp(5,5) +5; 14+Dp(5,25) + s 14Dy (5,25)

<yYleolow
+5, 252 1§D, (5,5)

1+Dp(s,9)

_ b1Dy (s, 5) + 52Dy (5, 85) + 3Dy (5, Ls)
- <(p <w [ +94D5(5,5) + bsDy (5, 9) ))

= P(@(w [52D(5,23) + 3D, (5, 25)]))
< (p(w (b, +5:)D,(5,25)))
Which implies that
¥(¢Dy(5,29)) < 0
Then by Lemma 2.2, we deduce that (¢ D, (s, 25)) = 0, that is £(s) = s. Similarly, I(s) = s.

Hence 3s = 8s = 1. In the following we shall prove £ and 3 have a unique point of coincidence. Such that
s # ¢ then from (1) we have

®(Dyp(5,57)) < (I (I5,25%))

/ Dy (s,3s) Dy (s*, 8¢%) Dy (s, 85%) \
1 2 3
1+ D,(53s) 1+ Dy(s*, 8s*) 1+ D, (s, 8s%)
<¢|o b ? b

D *’ o~
4 % + b Dy (5,5")
leb (5' 35) + I)ZDb (9*: 29*) + I)3Db (5, 25*)
=V (‘P ( +04Dy (5%, 3s) + hsDp (s, 5) ))
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<y (‘P(I)3Db (5,8") + b4Dy(s,5") + bsDy (s, 5*)))

=(h3+b, + b5)¢(¢Db(S. 5*))

Set (b3 + b, + bs) = ¢, then it follows that

0(Dy(5,5)) < 7 (@(Dy(5,57)) < -+ < 7P (0(Dy(5,57)) (19)

Because of
2p(hs) + 2p(H) < 2wp(hs) + (w + Dp(H) < 2,

It follows that p(5s) + p(H) < 1. Since hs commutes with b, then by Lemma 2.5,

p(hs +b) < p(hs) +p(h) < 1.

Accordingly, by Lemma 2.5, we speculate that {(§s + b)™} is a c-sequence. Noticing that {<bhs+}h
leads to ¢™ < (bs + H)™, we claim that {{"} is a c-sequence. Consequently, in view (1.19), it easy to see
1/)(¢Db(s, s*)) =0, thatis s = s".

Finally, if (3, 2) is weakly compatible, then Lemma 2.19, we claim that £ and 3 have a unique common fixed
point.

Corollary.3.6
Let (X, D,) be a cone b-metric space over Banach algebra 2 and B be a solid cone in 2 with the coefficient
w=1.5€P (i =1,2,..4,) be a generalized Lipschitz constant with 2wp(b,) + (w + Dp(H; + w b, +

wh3 <2 Suppose that 4 commutes with p7+«w h2+wbh3 and the mappings 3£ X—-EH(X) be generalized
multi-valued (¢, §)-contraction mapping, satisfies that

(H (I, 29)) < F(Pp(M(e,6))

where,

_ Dp(0,30) Dp(e.25) Dp(s.30)
M(g,¢) =b; Dy (230) +5h, T+0,@2 ) + b 105 (030) + 94Dy (0, )

where, § € W, ¢ € ® such that vV g, ¢ € X. Moreover, if 3 and & are weakly compatible, then 3 and £ have a
unique common fixed point.

Proof. Choose h; = b3 = b, = hs = hand h, = 0 in theorem 3.5, the proof is valid.
Corollary.3.7
Let (X, D,) be a cone b-metric space over Banach algebra 2 and B be a solid cone in & with the coefficient

w=1.5H€eBV( =1,2,..4,) be ageneralized nonnegative real constant with 2w (b,) + (w + 1)(H; + w b, +
wh3 <2. Let mappings 3£ :X—-EH(X) be generalized multi-valued g,g-contraction mapping, satisfies that

(H (S0, 29)) < F(P (01D, (0, I0) + h2Dp (0, £¢) + 53D, (5,30) + 54Dy (0, )

where, § € ¥, ¢ € & such that vV g,¢ € X. Moreover, if Jand & are weakly compatible, then 3 and £ have a
unigue common fixed point.

Proof. Taking by, b3, bs, bs € RT in theorem 3.5, we obtain the desired result.
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Corollary 3.8

Let (X, D,) be a cone b-metric space over Banach algebra 2 and B be a solid cone in & with the coefficient
w = 1.h; €P be a generalized Lipschitz constant with p(h) < ! Suppose that the mappings 3,2 : X —

w2+’

EB(X) be generalized multi-valued (¢, §)-contraction mapping, satisfies that

d(H (S0, 29)) < F(PB(Dy (0, L) + Dy (5, J0))

where, ¥ € ¥, ¢ € & such that vV g,¢ € X. Moreover, if Jand £ are weakly compatible, then 3 and £ have a
unique common fixed point.

Proof. Putting h; = bH, = hs = 0 and h; = b, = b in theorem 3.5, we complete the proof.
Example 3.9
Let X = [0,1] and U be the set of all real valued functions on X which also have continuous derivatives on X

with the norm [l ¢ I=Il ¢ ll» +Il 0’ Il and the usual multiplication. Let B{o € A : o(t) = 0,t € X}. It is clear
that B is a non normal cone and 2 is a Banach algebra with a unit e = 1. Define a mapping D,: X X X — U by

Dyp(0,9)(®) = o —¢|%e!

we make a conclusion that (X, D) is a complete cone b-metric space over Banach algebra 2 with the coefficient
w = 2. Now define the mappings J, 8: X — X by

=5 =3

Taking b, = é + ét, b, = i + %Gt andb; =b, =0,bhs = %+ ét. Show that all conditions of Theorem 3.5 are
satisfied. Theorem, 0 is the unique common fixed point of 3 and L.

Example 3.10
Let X = [0,1]. Define a function D,: X x X - A by D, (o,¢) = |e — ¢|. Clearly, (X,D,) is a complete cone b-
metric space over Banach algebra 2 with coefficient ® = 2. Now define Y: B - P by p(t) =tforallt >

0. Then Y € ¥. Also define ¢: 8 =B by ¢(t) = Kt for all ¢t > 0. Then ¢ is a continuous comparison
function.

Define the mapping 3, : X — EB(X) by 3(e) =7 ,£(s) = > forall o,¢ € X. Then,

(H (I, 29)) < F(Pp(M (e, )

where,

_ Dp(0,30) Dp(6,8¢) Dp(0,26) Dp(5,30)
M(o,6) =b, 14D, (0,50) +b; 14D, (5.20) + b3 140,029 + b, 14D, (5,30) + bsDy (0, ¢)

lo-3ol ls—Lg| lo—Sq|
b1 1+ +h2 ] + b3
3 =3 -2 1+[0-2
P(H (S, L)) <y | ¢ lemsel gt =
b +bslo — |

+1+5-Jol
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_e _s _s

//In lo 89+b2 | 2|c 5, lo 2|c\\
<ulol t+le-gl Title-g] Tiele-3|
S s 3 |

\ +hy——— 5+ bsle — | /
1+ -

<p(o(le-sl))
<y (3le—sl)
S%IQ—CI, for 0<u<1

<% Me,0) =% ¢p(M(e,9)
< P(eM(e,9).

Chooseh; =bh, =bh3 =0, =0,bhs = % Note that I and & commute at the coincidence point ¢ = 0. The pair

(3, 8) is weakly compatible, it is easy to see that all the conditions of theorem 3.5 holds trivially good and 0 is
the unique common fixed point of I and £ [19,20].

4 Conclusions

In Theorem 3.5 we have formulated a new contractive conditions to modify and extend some common fixed
point theorem (¢, &)-multi-valued mapping in cone b-metric space over Banach algebra. The existence and
uniqueness of the result is presented in this article. We have also given some example which satisfies the

condition of our main result. Our result may be the vision for other authors to extend and improve several results
in such spaces and applications to other related areas.

Acknowledgements
The authors thanks the management, Asian Research Journal of Mathematics for their constant support towards

the successful completion of this work. We wish to thank the anonymous reviewers for a careful reading of
manuscript and for very useful comments and suggestions.

Competing Interests

Authors have declared that no competing interests exist.

References

[1] Banach S. On operations in abstract sets and their application to integral equations. Fundam Math.
1922;3:133-181.

[2] Laishram Shanjit, Yumnam Rohen. Best proximity point theorems in b-metric space satisfying rational
contraction, Journal of Nonlinear Analysis and Applications. 2019;(2):12-22.

[3] Bakhtin IA. The contraction mapping principle in almost metric spaces. Funct. Anal. 1989;30:26-37.

[4] Czerwik S. Contraction mappings in b-metric spaces. Acta Math Inform Univ Ostraviensis. 199;1:5-11.

23



[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

Hussain and Maheshwaran; Asian Res. J. Math., vol. 19, no. 6, pp. 8-24, 2023; Article no.ARJOM.98269

Czerwik S. Nonlinear set-valued contraction mappings in b-metric spaces. Atti Semin Math Fis Univ
Modena. 1998;46(2):263-276.

Huang LG, Zhang X. Cone metric space and fixed point theorems of contractive mappings, J. Math.
Anal. Appl. 2007;332(2):1468-1476.

Aydi H, Monica Felicia Bota, Erdal Karuinar and Slobodanka M. A fixed point theorem for set-valued
quasi-contractions in b-metric spaces. Fixed Point Theory Appl 2012:88, (2012) doi:10.1186/1687-1812-
2012-88, (2012).

Alikhani H, Gopal D, Miandaragh MA, Rezapour Sh, Shahzad N. Some endpoint results for generalized
weak contractive multifunction. Sci World J 2013:7. Article ID 948472, (2013).

Boriceanu M. Fixed point theory for multivalued generalized contraction on a set with two b-metrics.
Stud Univ Babes-Bolyai Math LIV. 2009;(3):1-14.

Dhamodharan D, Krishnakumar R. Common fixed points of (y, ¢)-weak contractions in regular cone
metric spaces. International Journal of Mathematical Archive. 2017;8(8):1-8,.

Krishnakumar R, Dhamodharan D. Common fixed point of four mapping with contractive modulus on
cone hanach space. Malaya J. Mat. 2017;5(2):310-320,

Dhamodharan D, Krishnakumar R. Cone c-class function with common fixed point theorems for cone b-
metric space. Journal of Mathematics and Informatics. 2017;8:83-94.

Khan MS, Priyobarta M, Yumnam Rohen. Fixed points of generalised rational o -y-Geraghty contraction
for multivalued mappings, Journal of Advance Study. 2019;12(2):156-169.

Wang Z, Li H. Fixed point theorems and endpoint theorems for (o, Yr)- Meir-Keeler — Khan Multivalued
mapping, Fixed Point theory appl. 2016;12.

Liu H, Xu S. Cone metric spaces with Banach algebras and fixed point theorems of generalized Lipschitz
mappings, Fixed Point Theory Appl. 2013;320.

Rudin W. Functional analysis, MeGraw-Hill, New York; 1991.

Jiang B, Xu S, Huang H, Cai Z. Some fixed point theorems for generalized expansive mappings in cone
metric space over Banach algebras. Journal of Computational Analysis and Applications.
2016;21(6):1103-1114.

Nadler SB. Multi-valued contraction mappings. Pac J Math. 1969;30:475-488.

Ozen Ozer, Shatarah A. An in depth guide to fixed point theorems, 2021, ISBN: 978-1-53619-565-1.
NOVA Science Publisher, New York, U.S.A.

Ozen Ozer, Saleh Omran. On the generalized C*- valued metric spaces related with Banach fixed point
theory, International Journal of Advanced and Applied Sciences. 2017;4(2):35-37.

© 2023 Hussain and Maheshwaran; This is an Open Access article distributed under the terms of the Creative Commons Attribution
License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any medium,
provided the original work is properly cited.

Peer-review history:

The peer review history for this paper can be accessed here (Please copy paste the total link in your
browser address bar)

https://www.sdiarticle5.com/review-history/98269

24


http://creativecommons.org/licenses/by/3.0

