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Abstract

We show that Gaussian process regression (GPR) allows representing multivariate functions with
low-dimensional terms via kernel design. When using a kernel built with high-dimensional model
representation (HDMR), one obtains a similar type of representation as the previously proposed
HDMR-GPR scheme while being faster and simpler to use. We tested the approach on cases where
highly accurate machine learning is required from sparse data by fitting potential energy surfaces
and kinetic energy densities.

1. Introduction and methods

Representations of a multivariate function f(x) ,x € RP with low-dimensional terms are advantageous, as
low-dimensional functions are easier to construct, especially from sparse data, and are advantageous in
certain applications, most notably when the function needs to be integrated, such as in quantum dynamics
calculations [1, 2]. One approach for such a representation is high-dimensional model representation
(HDMR) formalized by Rabitz et al [3—5], which is constructed as a sum of terms depending on subsets of
original coordinates (x;,,xi,,...,%;,), d < D:

f(x) %ﬁ)#’Zﬁ(XJ#’ Z ﬁj(xi?xj)+"’+ Z ﬁli2~~-id (ximxiz""vxid)' (1)

1<i<j<D {i1i...iy€{12...D}

We specifically consider random sampling (RS) HDMR (3, 5] which allows obtaining all the terms from one
and the same dataset with an arbitrary distribution of data in the full D-dimensional space. In the original
RS-HDMR formulation, the component functions f; ;, . ;, are obtained as D-d dimensional integrals, which
rapidly become a bottleneck as D increases [5-8]. We previously introduced combinations of HDMR with
neural networks (RS-HDMR-NN) [9-11] and, recently, Gaussian process regressions (RS-HDMR-GPR)
[12, 13] which allow dispensing with integrals and also allow combining terms of any dimensionality, e.g.
one may use

G
fo~ 3 AN ) 2)
{i1i...igy€{12...D}

where the component functions are fitted with NN or GPR one at a time in cycles until convergence to the
known values of the function f(j) zf(x(f)) at points x(j),j =1,...,M:

© 2022 The Author(s). Published by IOP Publishing Ltd
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fklkz...kd (xkl 1 Xkys e 7xkd) :f(x) - Z a(c)ﬁli2~~id (xil yXiyy oo - 7xi¢i) (3)
{ivir...ig} € {12...D}
(ivis. i} # {kiks...ka}

where a fading parameter a(c) (where ¢ indexes fitting cycles) may be introduced to palliate local minima
[12, 13]. In this way, existing NN or GPR engines can easily be used for component functions, although a
custom code is needed to realize equation (3) [10, 13]. In equation (2), lower order terms of equation (1) are
lumped into d-dimensional terms. This representation is particularly attractive with sparse data; we
previously showed that with low data density, there is a maximum d for which f; ;, . ;, can be reliably
constructed [9]. Note that data density is always low in sufficiently high-dimensional spaces in any practical
setting, as due to the so-called ‘curse of dimensionality’ adding more data (even if it were possible, which is
often not the case) has little effect on data density in terms of number of data points per dimension [14]. The
representation of equation (2) was previously used to fit functions to data with densities as low as about two
data per degree of freedom or less [12, 15]. Equation (3) does not enforce orthogonality of component
functions but much gains in simplicity.When the terms are built with GPR (RS-HDMR-GPR [12, 13]),
equation (2) allows determining relative importance of different combinations of variables, effectively
extending the automated relevance determination (ARD) capability of plain GPR and allowing for pruning
of HDMR terms [13]; this is important as the number of terms scales combinatorically with D and d.

In equations (2) and (3), the relative amplitudes of terms are subsumed in the definition of f; ;, . ;,; in
what follows, it will be convenient to consider them explicitly:

f(x) ~ Z A;‘Tiz...id ;‘Tiz...id (xinxizv"'axid) (4)

{i1i...i}€{12...D}

where f7 ; are considered to be in some sense normalized (e.g. to have the maximum value or integral of
one). The amplitudes are fitted with equation (3). The disadvantage of using equation (3) is the need for
repeated fits as well as the need for a separate code implementing the method. Another disadvantage is loss of
ease of computing the variance of the estimate of f(x) (see equation (6)) which needs to be assembled from
variance estimates of all component functions.

In GPR, the expectation values f(x) and variances Af(x) of function values at any point in space x are

computed as [16]
flx) =K*K"'f (5)
Af(x) =K** —K*K'K*" (6)

where f is a vector of all (known) fU) values, and the matrix K and row vector K* are computed from
pairwise covariances among the data:

k(x(l)’x(l)) +6 k(x(l)’x(z)) k(x(l)’x(M))
k(x(z),x(l)) k(x(z))x(z)) _|_6 o k(x(z))x(M))
K= . i ) (7)
Kx0 x(D) k(x40 ) ok (x40 x(0) 4 5

K*z(k(x7x(l)) k(x,x(z)) k(x,x(M)>), (8)

and K** = k(x, x). The covariance function k(x(!), x(2)|X) is the kernel of GPR that depends on
hyperparameters A (which we omit in the formulas for notational simplicity). The optional § on the diagonal
has the meaning of the magnitude of Gaussian noise and is a regularization (hyper)parameter; it helps
generalization.

Representation in the form of equations (1) and (2) can also be obtained by GPR kernel design. Even
though GPR is often considered to be a nonlinear machine learning method, at each particular value of J, it
is equivalent to a regularized linear regression. Equation (5) has the form of a basis expansion,
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flx) = an (%) cn )

with basis functions b, (x) = k (x, x(”)) and with coefficients ¢ obtained with least squares, ¢ = K~ 'f[17].
The covariance function is usually chosen as one of the Matern family of functions [18],

n_ 2" x—x"[\" |x— x|
k(x,x)—AF(V)(\/ZT/ z )I@(@l) (10)

where I is the gamma function, and K,, is the modified Bessel function of the second kind. At different
values of v, this function becomes a squared exponential (v—00), a simple exponential (v = 1/2) and
various other widely used kernels (such as Matern3/2 and Matern5/2 for v = 3/2 and 5/2, respectively). It is
typically preset by the choice of the kernel, and the length scale I and prefactor A are hyperparameters (i.e.
A = (I, A)) that can be optimized. The particular value of GPR compared to a linear regression with a generic
basis (which could in principle also be taken in an HDMR form) is the use of the covariance function which
imparts to equations (5) and (6) the meaning of the expectation value and the variance of a Gaussian
distribution of f(x) values [16]. Note that equation (6) as written (and as it usually appears in the literature)
strictly speaking holds when k(x,x) is equal to the variance of the data; alternatively, one can assume that it is
for data normalized to unit variance.

One can express k in the form of equation (1) or (2), e.g. in the case of equation (2),

k(x,x") = > Aiiyciakiviy iy Fivineigs X i) (11)
{i]iz...id}e{lz..AD}

where x;,;, i, = (xi,,%i,,...,%;,) and kilizi.. ;, can be chosen as one of Matern kernels in d dimensions with
amplitudes (A in equation (10)) indicated explicitly assuming maxk; ; . =k;; . (Xii..i;»Xii..ig) = 1.
Equation (11) has previously been introduced for additive Gaussian processes [19]. Equations (9) and (11)

together immediately give an HDMR-type representation of f(x):

M

f(x) = Z Ai1i2~--id Zkiliz.“id (xiliz---idvxi(:‘z__,id> Cn

{iiz...is}€{12...D} =1

= > Biviy iafiviy. iy (Kirin.iy) - (12)

{itir...is}€{12...D}

Note that elements of ¢, and thereby the amplitudes B; j,...;,» depend on products of many A; ;,. ;, by virtue
of the minors of the matrix K forming its inverse (the dependence on A;;, . ;, of det(K) need not be
considered as it leads to a common scaling of all HDMR terms). That is, B;,;,.. i, # Aii,...i,» and explicit
dependence of By j,...;, on A;j,.. i, is impractically complex. However, the choice of A;j,.. i, is immaterial. One
can even choose the amplitudes of HDMR terms of the kernel randomly. Regardless of the choice of A;i,. i,
Bi,i,...i, are the least squares solutions and are in this sense optimal (one can think of any changes introduced
in relative magnitudes of different A; ;,. ;, being compensated in equation (12) via ¢). This is in contrast to
equation (3) where the amplitudes of the component functions depend on the quality of the optimization
and local minima. Equation (11) as written (which is the form we use in the tests below) uses all
combinations of d variables. The approach is obviously not limited to this particular form; a generic HDMR
expansion of the form of equation (1) can also be used for the kernel and will result in a corresponding
HDMR expansion of f(x). Only selected combinations of d’ < d variables can also be used to decrease the
number of terms [13]. Individual component functions are computable as

*

f;‘]iz...id (xinxizv"'?xid) :Kniz...idc (13)

where K;kliz...id is a row vector with elements Ailiz---idkiliz...id (xiliz,,,id,x

f’? . ) In particular, the values of the
112...19
component functions at the training setare f; ; . = Kj,;,..;,c and can be used to evaluate the relative

importance of different component functions by computing the variance var (Kj,;,.. ;,c), where the (m,n)
(m) (n)
X

elements of the matrix K, i, are Ajj,._ik; ;) 1 (xilizmid, i id )
Rather than using a dedicated code as in the case of equation (3) [13], an HDMR-type kernel of equation

(11) can be used with any existing GPR engine to obtain a HDMR representation of f(x) directly. One simply

needs to define a custom kernel function, which is easily doable in common machine learning libraries such

as Matlab’s Statistics and Machine Learning Toolbox used by us. The use of a single GPR approximation
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instead of equation (3) also makes easy the calculation of the variance of f(x) with equation (6), which is also
then returned by the GPR engine. We caution that equation (6) should not be automatically used as an error
bar; it allows computing the confidence interval on the expectation value of the function computed by GPR
and might not be indicative of the quality of the fit (see notes and examples to this effect in [12, 13]).

2. Results

We compared the performance of an HDMR-type kernel to that of the RS-HDMR-GPR [12, 13] approach.
We fitted the potential energy surfaces (PES) of H,CO and UF¢ molecules and the kinetic energy densities
(KEDs) of aluminium, magnesium, and silicon crystals at equilibrium and strained geometries. For the
description of the datasets and information about the applications of these functions, see [20] for H,CO,
[21] for UFs, and [22] for the KED data. We chose these applications, as in them, high fitting accuracy is
required (with errors much smaller than 1% of the data range for the model to be useful at all and with
desirable accuracy of better than 0.01% [23-25]). We have 120 000 data points in six dimensions
(representing molecular bonds and angles) for H,CO with values of potential energy ranging
0-17 000 cm ™!, 54 991 data points in 15 dimensions (representing 15 modes of vibration) for UFs with
values ranging 0-6629 cm ™!, and 585 890 data in seven dimensions (representing six terms of the 4th order
gradient expansion of KED [26] and the effective potential [27]) for KED with values ranging 0.0073-0.0398
a.u. (atomic units). The distributions of the data can also be found in the original references. What matters
for the purpose of the present work are not details of these applications but a comparison of GPR with
HDMR-type kernel of equation (11) to RS-HDMR-GPR and plain GPR (obtained when d = D in equation
(11)) using a standard kernel on the same data.

For k; ’ (%iiy...ipy X iriy...i,) of equation (11), we use the squared exponential kernel (i.e.

i11...1,
ki i (Xiviy..igs X iyiy...iy) = €XP (|xi1i2__4id — x,iliz...id|2/212) ). The PES data were normalized to unit variance
before fitting; we therefore use isotropic kernels. The KED data were scaled to [0,1] for the same reason; as
their distributions are extremely uneven (see [22]), we found that scaling is preferred over normalization in
this case. The length parameter I is 5.47 (d = 4-6)-8.17 (d = 1-3) for H,CO, 33.1 for UFg, and 1.22 for KED.
The corresponding & values are 1 x 107° (d = 4-6)-1 x 107> (d = 1-3) for H,CO, 1 x 10> for UFs, and

5 x 10~* for KED. We set all A; ;, ., to the same value (1/N, where N = C’; is the number of HDMR terms
and CY is the binomial coefficient). We confirmed that they can be changed randomly without affecting the
quality of the fit, just as the theory suggests. There is no effect of the setting of the relative amplitudes of
component functions in the kernel; however, there is an effect via ¢ as the effect of § depends on the overall
magnitude of the kernel. Setting all A; ;, ;, = const is sufficient; there is no need to optimize the magnitudes of
the kernel’s component functions.

The tests were run in Matlab 2021a using fitrgp function with a custom kernel function implementing
equation (11). The code and data can be found in supplementary material (available online at
stacks.iop.org/MLST/3/01LT02/mmedia). In table 1, we compare test set root mean square errors (rmse)
obtained with the kernel of equation (11) to those reported in [12, 13] with RS-HDMR-GPR (using similar
kernels). We use test set sizes (also given in table 1) which are much larger than the training sets to grasp well
the global quality of the approximation. Note that there is variability of rmse values from run to run due to
random selection of training data from the overall data set, which is within about £10% and does not affect
the reported trends (we do not fix the random seed precisely to monitor the effect of this source of
uncertainly and give rmse ranges from ten runs). For all practical purposes, the fit quality is similar to that
achieved with RS-HDMR-GPR [12, 13]. The obtainable error for given hyperparameters with the HDMR
kernel is lower than with RS-HDMR-GPR by construction, as the coefficients are optimal in the least squares
sense. In the case of the KED data, the errors obtained here for d < D are slightly higher than those reported
in [13], as in that work, length parameters were optimized for each component function (see below for tests
with optimized /).

When using an HDMR-type kernel, it is easier to use larger training sets, as a single GPR instance is fitted
once. In [12, 13], a maximum of 3600, 5000, and 5000 points were fitted for H,CO, UFg, and KED,
respectively. Larger sets were not used in [12, 13], in particular, due to the relatively high scaling of cost of
GPR with the number of training data, compounded by the cost of applying equation (3) and wielding
N = C GPR instances. With an HDMR-type kernel, the cost is still higher than that of a conventional
Matern-type kernel due to a higher cost of computing the kernel function which has a larger number of
terms (the number of terms is also given in table 1 for each d) but is easier manageable. We also provide
results with much larger training sets and larger d in the case of UFg, where HDMR has more than a
thousand terms. As expected, even lower global errors are obtainable for higher d with more training data,
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Figure 1. Representative examples of correlation plots and correlation coefficients between exact values and HDMR kernel based
GPR predictions for selected combinations of d and D (for the case of 10 000 training points).

while lower-dimensional terms are well-defined with few data [9] (i.e. the test rmse is not improved by
adding more data and is limited by the dimensionality of HDMR terms).

These results with the HDMR kernel highlight the advantages of the HDMR representation, namely, that
with finite training data, one can obtain a similar or better global rmse compared to a conventional
(full-dimensional) GPR with d < D. We show representative examples of correlation plots between exact
values and HDMR kernel based GPR predictions for select d < D in figure 1, to visually highlight the high
accuracy of the regressions performed here.

We mentioned above that the HDMR-type kernel allows estimating variances of component functions
and therefore, similar to RS-HDMR-GPR, relative importance of different variables or combinations thereof.
Taking the KED data as an example, we list the variances of the seven component functions at d = 1 obtained
at fixed and optimized (to maximum likelihood) length parameters in table 2. Similar to what was found
with RS-HDMR-GPR in [13], variables x;,x;,X3,x7 are seen as most important, and their length parameters
are relatively small. The importance of x; (which is the product of the electron density and Kohn—Sham
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Table 2. Relative variances of the seven component functions of the HDMR obtained with the kernel of equation (11) for d = 1 when
fitting 10 000 KED data with fixed and optimized length parameters. The values are in a.u.

=122 Optimized !
var (Kic) x 10* var (K;c) x 10* Lopt
0.00960 0.00897 0.297
0.00088 0.00082 0.099
1.03933 1.06364 0.135
0.00024 0.00001 6.058
0.00004 0.00000 21.93
0.00042 0.00046 0.693
1.73715 1.75074 0.131
Train/test rmse x 10*
4.82/4.83 4.23/4.32

effective potential) in capturing most of the variance of the KED is also consistent with the result of [22]. The
dwindling of the variance of f; (x;) and fs (xs) corresponds to their optimized length parameters becoming
large, indicating their low relevance, in a way similar to ARD.

3. Conclusions

We showed that a kernel type based on HDMR for GPR allows easily constructing a representation of a
multivariate function as a sum of lower-dimensional terms. A similar kernel representation was previously
introduced for additive Gaussian processes [19]; here, we show that it allows obtaining accurate models in
applications notorious for high accuracy requirements—PES and KED fitting - and allows building HDMR
representations of multivariate functions which are similar to the recently proposed RS-HDMR-GPR scheme
[12, 13] while being much easier to use. One only needs to define a custom kernel for use with existing GPR
libraries; no dedicated software is needed. There is no need to optimize the magnitudes of the HDMR terms
in the kernel, and the magnitudes of the HDMR term of the final function representation are optimal in the
least squares sense. The relative importance of different HDMR component functions and corresponding
variables can also be easily evaluated.

Data availability statement
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All data that support the findings of this study are included within the article (and any supplementary
files).

Acknowledgments

We thank Professor Tucker Carrington and Dr Owen Ren for discussions. We thank Dr Laura Laverdure and
Professor Nicholas Mosey who computed the ab initio data for [21]. which are the basis of the UF¢ data set.

ORCID iD
Sergei Manzhos ® https://orcid.org/0000-0001-8172-7903

References

[1] Bowman ] M, Carrington T and Meyer H-D 2008 Variational quantum approaches for computing vibrational energies of
polyatomic molecules Mol. Phys. 106 2145—82

[2] Beck M H, Jéckle A, Worth G A and Meyer H-D 2000 The multiconfiguration time-dependent Hartree (MCTDH) method: a
highly efficient algorithm for propagating wavepackets Phys. Rep. 324 1-105

[3] Rabitz H and Alis O F 1999 General foundations of high-dimensional model representations J. Math. Chem. 25 197-233

[4] Li G, Rosenthal C and Rabitz H 2001 High dimensional model representations J. Phys. Chem. A 105 7765-77

(5] Li G, Hu J, Wang S-W, Georgopoulos P G, Schoendorf ] and Rabitz H 2006 Random sampling-high dimensional model
representation (RS-HDMR) and orthogonality of its different order component functions J. Phys. Chem. A 110 2474-85

[6] Alis O F and Rabitz H 2001 Efficient implementation of high dimensional model representations J. Math. Chem. 29 127-42

[7] Wang S-W, Georgopoulos P G, Li G and Rabitz H 2003 Random sampling—high dimensional model representation (RS—HDMR)
with nonuniformly distributed variables: application to an integrated multimedia/multipathway exposure and dose model for
trichloroethylene J. Phys. Chem. A 107 4707-16


https://orcid.org/0000-0001-8172-7903
https://orcid.org/0000-0001-8172-7903
https://doi.org/10.1080/00268970802258609
https://doi.org/10.1080/00268970802258609
https://doi.org/10.1016/S0370-1573(99)00047-2
https://doi.org/10.1016/S0370-1573(99)00047-2
https://doi.org/10.1023/A:1019188517934
https://doi.org/10.1023/A:1019188517934
https://doi.org/10.1021/jp010450t
https://doi.org/10.1021/jp010450t
https://doi.org/10.1021/jp054148m
https://doi.org/10.1021/jp054148m
https://doi.org/10.1023/A:1010979129659
https://doi.org/10.1023/A:1010979129659
https://doi.org/10.1021/jp022500f
https://doi.org/10.1021/jp022500f

10P Publishing

Mach. Learn.: Sci. Technol. 3 (2022) 01LT02 W Letters

[8] Li G, Wang S-W and Rabitz H 2002 Practical approaches to construct RS-HDMR component functions J. Phys. Chem. A
106 8721-33
[9] Manzhos S and Carrington T 2006 A random-sampling high dimensional model representation neural network for building

potential energy surfaces J. Chem. Phys. 125 084109

[10] Manzhos S, Yamashita K and Carrington T 2009 Fitting sparse multidimensional data with low-dimensional terms Comput. Phys.
Commun. 180 2002—12

[11] Manzhos S, Yamashita K and Carrington T 2011 Extracting functional dependence from sparse data using dimensionality
reduction: application to potential energy surface construction Coping with Complexity: Model Reduction and Data Analysis
(Lecture Notes in Computational Science and Engineering) ed A N Gorban and D Roose (Berlin: Springer) pp 133—49

[12] Boussaidi M A, Ren O, Voytsekhovsky D and Manzhos S 2020 Random sampling high dimensional model representation Gaussian
process regression (RS-HDMR-GPR) for multivariate function representation: application to molecular potential energy surfaces J.
Phys. Chem. A 124 7598-607

[13] Ren O, Boussaidi M A, Voytsekhovsky D, Thara M and Manzhos S 2022 Random sampling high dimensional model representation
Gaussian process regression (RS-HDMR-GPR) for representing multidimensional functions with machine-learned
lower-dimensional terms allowing insight with a general method Comput. Phys. Commun. 271 108220

[14] Donoho D L 2000 High-dimensional data analysis: the curses and blessings of dimensionality AMS Conf. on Math Challenges of the
21st Century (AMS)

[15] Manzhos S and Yamashita K 2010 A model for the dissociative adsorption of N,O on Cu(100) using a continuous potential energy
surface Surf. Sci. 604 555-61

[16] Rasmussen C E and Williams C K 12006 Gaussian Processes for Machine Learning (Cambridge, MA: MIT Press)

[17] Bishop C M 2006 Pattern Recognition and Machine Learning (Berlin: Springer)

[18] Genton M G 2001 Classes of kernels for machine learning: a statistics perspective J. Mach. Learn. Res. 2 299-312

[19] Duvenaud D, Nickisch H and Rasmussen C E 2011 Additive Gaussian processes Advances in Neural Information Processing Systems
vol 24 (NIPS) pp 226-34

[20] Manzhos S and Carrington T 2016 Using an internal coordinate Gaussian basis and a space-fixed Cartesian coordinate kinetic
energy operator to compute a vibrational spectrum with rectangular collocation J. Chem. Phys. 145 224110

[21] Manzhos S, Carrington T, Laverdure L and Mosey N 2015 Computing the anharmonic vibrational spectrum of UF6 in 15
dimensions with an optimized basis set and rectangular collocation J. Phys. Chem. A 119 9557-67

[22] Manzhos S and Golub P 2020 Data-driven kinetic energy density fitting for orbital-free DFT: linear vs Gaussian process regression
J. Chem. Phys. 153 074104

(23] Golub P and Manzhos S 2018 Kinetic energy densities based on the fourth order gradient expansion: performance in different
classes of materials and improvement via machine learning Phys. Chem. Chem. Phys. 21 378-95

[24] Manzhos S and Carrington T 2021 Neural network potential energy surfaces for small molecules and reactions Chem. Rev.
121 10187-217

[25] Kamath A, Vargas-Herndndez R A, Krems RV, Carrington T and Manzhos S 2018 Neural networks vs Gaussian process regression
for representing potential energy surfaces: a comparative study of fit quality and vibrational spectrum accuracy J. Chem. Phys.
148 241702

[26] Hodges C H 1973 Quantum corrections to the Thomas—Fermi approximation—the Kirzhnits method Can. J. Phys. 51 1428-37

[27] Kohn W and Sham L J 1965 Self-consistent equations including exchange and correlation effects Phys. Rev. 140 A1133-8


https://doi.org/10.1021/jp014567t
https://doi.org/10.1021/jp014567t
https://doi.org/10.1063/1.2336223
https://doi.org/10.1063/1.2336223
https://doi.org/10.1016/j.cpc.2009.05.022
https://doi.org/10.1016/j.cpc.2009.05.022
https://doi.org/10.1021/acs.jpca.0c05935
https://doi.org/10.1021/acs.jpca.0c05935
https://doi.org/10.1016/j.susc.2009.12.025
https://doi.org/10.1016/j.susc.2009.12.025
https://doi.org/10.1063/1.4971295
https://doi.org/10.1063/1.4971295
https://doi.org/10.1021/acs.jpca.5b07627
https://doi.org/10.1021/acs.jpca.5b07627
https://doi.org/10.1063/5.0015042
https://doi.org/10.1063/5.0015042
https://doi.org/10.1039/C8CP06433D
https://doi.org/10.1039/C8CP06433D
https://doi.org/10.1021/acs.chemrev.0c00665
https://doi.org/10.1021/acs.chemrev.0c00665
https://doi.org/10.1063/1.5003074
https://doi.org/10.1063/1.5003074
https://doi.org/10.1139/p73-189
https://doi.org/10.1139/p73-189
https://doi.org/10.1103/PhysRev.140.A1133
https://doi.org/10.1103/PhysRev.140.A1133

	Easy representation of multivariate functions with low-dimensional terms via Gaussian process regression kernel design: applications to machine learning of potential energy surfaces and kinetic energy densities from sparse data
	1. Introduction and methods
	2. Results
	3. Conclusions
	Acknowledgments
	References


