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Abstract

In this paper, we show, by a new approach called SCD (Surjectivity by compactness and density),
the internal exact controllability of the 1D heat equation by the use of strategic zone actuators.
For the achievement of this objective, an operator (linear, continuous and surjective) built
directly from the system allowed us to establish the exact result of controllability.

Keywords: Control; controllability; strategic actuators; estimations.

*Corresponding author: E-mail: cheikhb.seck@ucad.edu.sn;


http://www.sdiarticle4.com/review-history/65548

Ane et al.; JAMCS, 36(1): 76-86, 2021; Article no.JAMCS.65548

2010 Mathematics Subject Classification: 35Q72, 93B03, 93B07, 93C20.

1 Motivations and Statement of Problem

The main mathematical models, used in the most diverse applications, are written in the form of
partial differential equations. An equation with partial derivatives (PDE) is therefore a relation
between a function of several variables and its derivatives. Note that physical models can lead
to solutions that are not derivable in the classical sense. So the theory of control and the exact
controllability of distributed systems has in recent years a net renewed interest; thanks to the
development by J.L Lions [1] of the HUM method (Hilbert Uniqueness Methods). It is essentially
based on the uniqueness of properties suitable for the homogeneous equation by a particular choice
of controls, building a Hilbert space and a continuous linear mapping of this space into its dual
hilbert which is, in fact , an isomorphism which establishes the exact controllability.

For hyperbolic problems this method has yielded important results Lions [1,2], Seck [3], Lebeau
[4], Fursikov [5],...; Although when the checks are supporting small Niane [6], Jai [7], it seems little
operative, as well as for technical reasons, the multiplier method does not lead to.

So for parabolic equations any result (to our knowledge) has been prepared by this method. Also,
the harmonic method is ineffective for such equations.

This work is the logical sequence of the publications (see Seck [8]) where a new method has been
developped to solves some of these problems types. This method is based on criteria of surjectivity of
a linear continuous operator a Hilbert space in another builds directly from the exact controllability
problem.

The criteria are of two types:
1. A density criterion which is a consequence of the uniqueness properties (J. L. Lions [1, 2]);

2. A compactness criterion which follows from the parabolic nature of the operator or the
regularity of control;

In both cases these criteria are easier to verify than HUM method of Lions.

This method which we call exact controllability by surjective, compactness and density
opens up broad prospects for the theory of the exact controllability. Also allows to for the equations
parabolic, of Schrodinger, plates, Navier Stokes linearized to solve many issues and so opening up
many perspectives.

2 Notations and Some Functional Analysis Reminders

2.1 Functional analysis reminders

Let Q be a regular nonempty bounded domain of R of border I, of outer unit normal v(c) at
point o € I.

We denote A the unbounded operator of L*(Q2) defined by
D(A)={u€ Hy(Q)/ — Luec L*(Q)} (2.1)
Au = —Au, Yu € D(A) (2.2)

The operator A has a Hilbert base of eigenfunctions (wx)r>1 such that the sequence of associated
eigenvalues (Ag)r>1 is decreasing (see Jai [9]).

Let T > 0, we consider the following Hilberts spaces and their respective dual.
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Let a € R,6 € {1,0,—1}.
+oo +oo
it = {u =D uw/ Y Neuge T < +oo} (2:3)
k=1 k=1

We equip F7 % with the natural scalar product

—+oo
(m,y)F;,s = Zukwk (2.4)
k=1

and, the associeted norm is |[.|| ya.s-
T
The dual of Fg® is F, 7. If z € Fg® and y € F; % we have:

400
P > wryn (2.5)

k=1

Remark 2.1. We can notice that:

i Y0 = L*(Q),
ii. Fp° = Hj(Q),
iit. Fp50 = HY(Q)

2.2 Case of heat equation 1-D

Let I = Q =0, 7| an open interval of R and the 1D heat equation defined as follows:
Y (t,2) — Dy(t2) = BOu(E @) in 0, T[x1

vy = 0in ]0,T[xI (2.6)

y(0,2) = yo(z) in I
We set the operator A defined by
_du
dz?

According to the spectral theory Brezis [10], Hérmander [11], A admits a Hilbert base of L*(I) of
eigenfunctions (wg)r>1 whose associated eigenvalues are (Ax)r>1 rows in the decreasing direction

where
{wk(x) = \/gsm(/m:) and

D(A) = {u € Hy(I)/ — % € L2(1)} Vu € D(A), Au=

Ap = k?
See also Lebeau [7] and Fursikov [6].

Definition 2.1. An integrable square function p: I C Q@ — R is called strategic (see EL. Jai[9])
if it satisfies,
for all ¢o € L*(I), the solution ¢* of heat equation

¢+/(t,x) — AT (t,z) =0 in Qr =)0, +oo[xT
v (t,z) = 0 in L1 =]0, +-o0[x I (2.7)

¢t (0) = o in I
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satisfies:

Vt>0, /u(t,m)¢+(t,z)dx =0 then ¢y =0. (2.8)
I

Remark 2.2. 1. In 1 dimension (see Seck [8] and Ane [12]), it has been proved that there are
internal strategic actuators, this is the case of certain particular geometries.

2. Similarly, the Exact controllability border of the heat equation in 1D by strategic actuators
area by the SCD Method (surjectivity by compactness and density) was done see Seck [8] and
Jai [7].

3 Internal Temporally Strategic Actuator

Definition 3.1. An integrable square function

- ( f;ﬁf(ti) )

is called temporally strategic if for all ¢o € L*(I) such that

vt €]0, +o0], /,u(t,a:)qur(t, z)dz =0 (3.1)
I
then ¢o = 0.

Remark 3.1. If the application

t— /u(t, )T (¢, x)dx (3.2)
I
is analytic, it is enough that the relation is true for all ¢ €]0, T so that it is true for all ¢t € RY
An example of a temporally strategic actuator is given:

Theorem 3.1. If ¢o € L*(I) and verify: Yk € N*, ¢or. # 0 for all open non-empty O content in I
then p(t,z) = Xo¢+(t,w) is a temporarily strategic actuator.

Proof. We have:

ur(t,z) = /Ixoqﬁ"'(t,x)wk(:c)d:r

[ ¢t touneis

(@]

—+oo

Z(b()hei)\h’t/ whwkd:c
h=1 o

Assume ayp = fo wrwrdr we obtain

+oo
pr(t,z) = Z donagne !
h=1
Let (o € L*(I) such that:
400
vt > 0, /,u(t, z)¢T(t,z)dz = 0 then Z Corpir(t,z)e M =0 (3.3)
1 h=1
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let

400 400

VE>0, 3D Condon(Bagne” I =0 (3.4)

k=1h=1

SO COk¢0h(t)Oékh =0 Vh7 k’

As ¢on # 0 then Vh,Vk (orarn = 0.

Suppose it exists kg € N* such that Vh € N* app, = 0.
Also

Vh € N, /xowko (x)wp(z)dx =0 (3.5)
I

SO XoWk, is identically null.
Or wy, is a non-zero eigen function, this is impossible | O

Corollary 3.2. For any open non-empty contained in I, there is a temporarily strategic u actuator
whose support contained in R} x O.

Proof. Just takew C O, ¢ € L*(I) such that Vk € N, ¢or # 0 and, to pose u(t, ) = xow(z)d™ (¢, )
[ | O

4 Main Result: Exact Internal Controllability of the
Heat Equation

4.1 Some functional analysis notes

It is recalled that the exact controllability is reflected here by this definition:

Definition 4.1. (reminder) The L operator defined under (4.3). The system defined by (4.6) will
be say exactly controllable on time T if and only if L is surjective (see Ramdani [13, 14]).

We define the operator ¢, which to a command v € L(0,7; Q) C L'(0,7; O) associates the solution
z solution of the system (4.6) at the moment 7:

ér: L*(0,7; 0) — X
v o= z(1)= /T "4 By (s)ds (4.1)
0

it’s clear that ¢, € L(L?*(0,7;0), X), since there is a constant k. > 0 dependent only of 7, of A
and of 3 such that

16- ()| < krllvllL20,m0), Vo € L2(0,750) (4.2)
Moreover, the adjunct linear operator ¢; of ¢, is given by the following proposition

Proposition 4.1. Let ¢. € L(L*(0,7;X)) the operator defined by system (4.6). His adjunct
¢t € L(X,L*(0,7; X)) is the operator

¢r: X — L*0,7;0)
0 W (4.3)

where v(t) = e~ TV %, Vi € (0,7)
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Proof. Since ¢, is a bounded operator, it suffices to notice that for all v € L*(0,7; X) and for all
z0 € X, we have ( since A* = —A4)

(¢r,20) = /OT (e“fs)ABv(s),zo) ds = /OT (v(s),5*67<775)Azo)O ds = (U’w)(L"‘(o,T);o)

so that we have w = ¢ z20. O
Let the following two fundamental lemmas

Lemma 4.1. Let Y, Z be two Hilbert spaces and G € L(Y,Z). So, G is surjective if and only its
adjunct G* is lower bounded, ie there exist C > Osuch that

IG*2lly > Cllzllz, VzeZ (4.4)

Proof. 1t suffices to apply proposition4.1 below by taking X = Z and as operator F' the identity
over Z. O

Lemma 4.2. Given three Hilbert spaces X,Y,Z, let F € L(X,Z) and G € L(Y,Z). So, the
following assertions are equivalent:

i. ImF C ImG .

7. There exist a constant C > 0 such that
[|G™2|| > C||F" 2| x, Vz € Z. (4.5)
iti. There exist H € L(X,Y) such that F = GH.

Proof. See Karim Ramdani [13].

4.2 Main result

Theorem 4.3. If u is a temporally strategic actuator, for all yo € Fg’fl, there exists 8 € L*(]0,T])
such that the solution y of the equation

Y () — Ay(t,2) = BO)u(t, 2) in 10, T[xT
vy = 0in ]0,T[xT (4.6)
y(0,2) = yo(z) in I

verify y(T) = 0.

Proof. Fisrt step:
Formal construction of the L operator?

We first give a notation: If f € L*(]0, +-o00[xI) and for t fixed, we write f¥(s,t,2) the solution of
the direct homogeneous heat equation of the initial data f(¢,z). So we have:

+o0o
fHs,t,x) = ka(t)e_’\kswk(x) (4.7)
k=1

where (fx)z>1 is given by f(t,2) = 345 fi(t)ws.
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In the following, we will also use the functional notation f*(s,t).
Let 1o € Fy'", multiply the equation (4.6) by ¢ and integrating by parts:

T
/y(T)¢(T)d$— < Yo, %0 > po,-1 Fo,1:/ /u(t,x)w(t,x)dxdt
I T T o Jr
let
T
< %o, %o >F70471,F70:1 = —/ B(t) < p(t,x), Yo >F§J’1,F%1 dt

= —</ﬁ tmdt¢o>Fo—1Fo,1
T

from where

Yo = 7/0 B(t)u(t, z)dt

_/OT

We are posing now: L(8) = — (L1(8))1 (1) so

SO

/ B(t) —t,z)dt (4.8)
Now apply the following theory to the Fr and F7 spaces by taking:
Py Py
and .
L*(J0; T[) = Fy
then

F; C Im(L) <= Vz" € Fr, there exist C > Osuch that |z| < C.||L*(2)]]
Thus the operator L* is bounded below.
Second step.

L e £(L*(0,T[),L*(1)) ?
Let 8 € L*(]0,T[), we have

+o00 T 2 +o00 T
Z (/ ﬂ(t)llk(fq m)e—kk(T—t)dt) < Z ||ﬂ||L2(]O7T[) / ui<t)e—2>\k,(T—t)dt
k=1 \/O k=1 0
+o0o
< Z||5||L2<]0,T[)||Hk||2LZ(}o,T[)
k=1
< Ble2qo.rpllelZ2go.rxn
L(B) € L*(I) and
LB < 11811 L2go,rp 11l 22 g0, 7ix 1 - (4.9)

Third step:
L(L?*(]0,T))) is dense in L*(I) ?
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Let 1o € Fr such that 9 (T) is orthogonal to L(L*(]0,T[)); let 8 € L*(]0,T[), we have
(L(ﬁ)ﬂ/’(T))w(I) =0
S0

/1/0 B (T —t,)p(T)dedt = 0=

/0 /B(t)/qu(Tft,x)q/)(T)dmdt = 0=

I

/OT ﬁ(t)/u(t,x)w(t)dxdt - 0

I

from where
vt €]0,T7, /,u(t,x)w(t)dtdx = 0
I

50 1o = 0 from where o (T) = 0.
Fourth step:
L*L is compact of L*(]0,T[) in L?(]0,T])?

(L), L))oy = / / Byt (T — t,2)dt / ()it (T — 5, 2)dsdz

[ stente) [ —tmydeasar

/O v(t) /OT B(s) (/1 wh(T - s,x)dm) dsdt

LU0 = [ 8 [ 50— sat (€t a)dods

I

T +oo
/ B(5) > un(t, @) pun (s, w)e T T gy
0 k=1

SO

/OT B(s)K(t,s)ds

where
+oo
K(t,8) = 3 st aue(s, mpe T~
k=1

K is continuous on [0, T x [0, T, just take pu(t, z) regular and the choice of ¢ regulates the problem.
Step five: Conclusion

Let yo € Fio ™" then it exists 8 € L?(]0, T[) such that

R " BT — o)t
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Let 1o € Fg’l, we have

<y+(T)7¢(T)>L2(I) = <y07w0>F¥'71,F%1

= —/I</0Tu+(T—t,x)dt> »(T)dx

_ _/OT/I,u(t,x)w(t)dxdt

On the other hand, there is the solution of

yl —Ay= ﬁ(t):u’(t’ x) in ]OvT[XI

vy = 0in 0, T[xI (4.10)
y(0) =yo in I
then
T
[T = o)y o ppr = [ [ ntt,2)5" Oz
I o Jr
S0
[z =o
from where y(T') = 0. | O

Remark 4.1. We can choose the control as regular as we want.

Theorem 4.4. Let O an open part of I not empty, for all yo € F;‘fl, it exists p € L*(]0, T[xI)
to support contained in |0, T[xO such that if y is solution

y — Ay = Bt)u(t, ) in )0, T[xI
vy =0 in 10, T[xT (4.11)
y(0) = yo in I
then y(T) = 0.

Proof. Take n functions to support contained in O, belonging to D(I) non-zero on an open content
in O.

Let 1o € D(A) such that Yk € N*, ¢por # 0 then u(t,z) = n¢™(t) is temporally strategic and we
apply the theorem 4.3 | O

5 Conclusion and Perspective

In this work, we established the exact controllability of the heat equation in any finite dimension
by the use of strategic zone actuators.

a Thus, by a new approach called (Surjectivity by compactness and Density), the internal exact
controllabilty of the 1D heat equation by the use of strategic zone actuators was done.
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b Indeed, by the construction of a compact surjective linear operator resulting from the system

we have succeeded in achieving the exact internal controllability of the heat equation in any
dimension by using the notion of strategic actuators.

c In the near future, we would want to extend these results in non-convex domains, with cracks and

with corners. Also, we would to investigate others kind linear EDP. For example explore the
case of equations in evolutions of wave type, Schrodinger, plates and Navier Stokes linearized.
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