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ABSTRACT

The study reports on all- to- all chaos synchronisation in a network of networks based on the Ikeda
model. The study considered one of the simplest cases. It found the existence and stability
conditions for such a synchronisation regime. Numerical simulations validated the analytical
findings. The results can be of certain importance in achieving high- level output for the coupled
systems and information processing.
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1. INTRODUCTION

Networks or a network of networks is a
widespread concept in a world-wide-web,
population dynamics, neuroscience, power grids,
communication, social and computer systems,
etc. Research of such interacting systems is a
very hot topic in nonlinear dynamics, see, e.g. [1-
6] and references therein.

Chaos synchronisation [1] as a control method is
of fundamental importance in a variety of
complex physical, chemical and biological
systems [7]. Synchronisation of chaos refers to a
process wherein two (or many) chaotic systems
(either equivalent or nonequivalent) adjust a
given property of their motion to a common
behaviour due to a coupling or to a forcing
(periodical or noisy) [7]. In the context of coupled
chaotic elements, many different synchronisation
states have been studied, namely complete or
identical synchronisation, phase synchronisation,
lag synchronisation, generalised synchronisation,
anticipating synchronisation, etc. [7-9]. Complete
synchronisation [10] was the first to be
discovered and is the simplest form of
synchronisation in chaotic systems. It consists in
perfect hooking of the chaotic trajectories of two
systems which is achieved using a coupling
signal, in such a way that they remain in step
with each other in the course of the time.
Generalised synchronisation [11] goes further in
using completely different systems and
associating the output of one system to a given
function of the output of the other system.
Coupled nonidentical oscillatory or rotatory
systems can reach an intermediate regime of
phase synchronisation [12-14], wherein locking
of phases occurs, while correlation in the
amplitudes remains weak. Lag synchronisation
[15] is a step between phase synchronisation
and complete synchronisation. It implies the
asymptotic boundedness of the difference
between the output of one system at time t and
the output of the other shifted in time (lag time).
This implies that the two outputs lock their
phases and amplitudes, but with the presence of
a time lag. In anticipating synchronisation [16-17]
the driven system state is synchronised to the
future state of the driver system. For some other
types of synchronisation see other references
[18-21] also.

Synchronisation in complex systems is of a
certain importance in governing and performance
improving point of view, e.g. enhancing emission
power from such systems [7]. Additionally, from

the fundamental point of view synchronisation of
coupled (chaotic) systems eliminates some
degrees of freedom of the coupled system and
so produces a significant reduction of complexity,
thus allowing for significant simplification of
computational and theoretical analysis of the
system.

As synchronisation in a wider sense is
associated with communication, a study of
existence and  stability = conditions  for
synchronisation is of paramount importance in
networks. Synchronisation is important in chaos-
based communication system to decode the
transmitted message [7,17]: At the transmitter
part of the communication system a message is
masked with chaos, then chaos masked
message is transmitted to the receiver system. At
the receiver part of the communication system
due to the chaos synchronisation between the
transmitter and the receiver systems chaos is
regenerated. Finally, deducting the receiver input
and the receiver output one can decode the
transmitted message, (as shown in Fig. 1).

This paper studies chaos synchronisation in one
of the simplest cases of the network of networks
based on the Ikeda system-paradigmatic model
of chaotic dynamics in time- delay systems [22].
In case of constant time delays, analytically the
existence and sufficient stability conditions for
complete synchronisation between all the
constituents of the network were derived. This
supports the analytical findings with the
numerical simulations. This paper also present
example of chaos synchronisation between the
constituent Ikeda models in case of variable time
delay systems.

The organisation of the rest of this paper is as
follows. In Sec. 2 introduction of the working
model and the results of the analytical study
have been presented. Section 3 is dedicated to
the numerical simulations of all-to-all chaos
synchronisation between the Ikeda models,
including the case of modulated time delays. The
results are summarised in Sec. 4.

2. SYSTEM MODEL

Consider all-to-all synchronisation between the
chaotic Ikeda systems with the following coupling
topology (see, Fig. 2): x-lkeda system governs
both networks (y, z) and (u, w) which consists of
only two unidirectionally coupled lkeda systems.
For simplicity, consider the case when all the
Ikeda systems are identical and time delays in
the network are constant.
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Fig. 1. Schematic view of chaos based communication system. For details, see, text
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Fig. 2. Schematic view of the system under consideration, see text for details
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Here X, = X(f — 7).The same is valid for the
other dynamical variables y,Z, U, W.

Initially the lkeda model was introduced to
describe the dynamics of an optical bistable
resonator, playing an important role in electronics
and physiological studies and is well-known for
delay-induced chaotic behaviour, see e.g. [22]
and references therein. Later it was established
that the Ikeda model or its modifications can be
used to describe the dynamics of an opto-
electronical, an acousto-optical systems and
even the dynamics of the wavelength of the
Distributed Bragg Reflector (DBR) Laser [22].
Furthermore, this investigation is of considerable
practical importance, as the equations of the
class B lasers with feedback (typical
representatives of class B are solid-state,
semiconductor, and low- pressure CO, lasers
[23]) can be reduced to an equation of the Ikeda
type [24].

Physically x is the phase lag of the electric field
across the resonator (it should be noted that in
the  opto-electronical and  acousto-optical
systems x is proportional to the voltage fed to a
modulator [12]); & is the relaxation coefficient
for the driving x and driven vy, z, u, w dynamical
variables; 7 is the feedback loop time delay;

7, is the coupling time delay between x and y, y
and z, x and u, u and w; the case will be

considered as T=Tl; m;,my,ms,my,ms are the

feedback strengths for the lkeda systems x, vy, z,
u, w respectively; mg,mg,mz,mg are the coupling
strengths between the systems x and y, y and z,
x and u, u and w, respectively.

It is noted that system x is directly connected to
the system y and connection to system z occurs
via system y. Analogously, system x is directly
connected to system u and connection to system
w occurs via system u. It should also be
emphasised that there is no direct connection
between the networks (y, z) and (u, w).

As mentioned above the all-to-all synchronisation
was considered for the coupling topology
presented in Fig. 2. Firstly, the complete
synchronisation case between the variables x
and y is considered. It is straightforward to

establish that the synchronisation error
A,,=x—Yy under the condition
obeys the dynamics
dA
X,y _
T —aA, , +myA, | cosx, (7)

Obviously A, =0 is a solution of system (7).

The sufficient stability condition of the
synchronisation regime
x=y 8)

can be found by applying the Lyapunov-
Krasovskii functional approach [25-26]:

o> |m,) (©)

By applying this procedure to synchronisation
between the dynamical variables y and z, x and
z,xand u,uandw, xand w, yand u, zand u, y
and w, z and w the study establishes that for the

configuration in Fig. 2 all-to-all complete
synchronisation
X=yYy=zZz=Uu=w (10)

occurs under the following conditions:

(11)
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The formula (11) is the existence condition and
formula (9) is the stability condition for all-to-all
complete synchronisation (10).

In the next section the results of the numerical
simulations of this synchronisation regime are
presented.

3. NUMERICAL
DISCUSSION

SIMULATIONS AND

This section numerically demonstrates that how
the analytical findings of the previous Section are
validated. Synchronisation quality is
characterised by the cross-correlation coefficient
C [27] between the dynamical variables say x
and y:

C(At) _ <(x(t)—<x>)(y(t+At—<y>)>

= (12)
\/<(x(t)—<x>)2 ><(y(t+At)—<y>)2 >

Cx,y = Cx,z = Cx,u = Cx,w = Cy,z =

1.8 T T

=C

where the brackets <.> represent the time
average; At is a time shift between the

dynamical variables. In the present case At =0.
This coefficient indicates the quality of
synchronisation: C=1 means perfect complete
synchronisation.

Fig. 3 portrays time series of the system z for
parameter values.

a=80Lm,=my=m,=ms=mg=m; =mg=m,=8m =2m,=16,r=5.
Fig. 4 presents synchronisation error dynamics
A_  =z—w versus time for parameters as in

=0.99

Fig. 3. Cz’w
coefficient between the systems z and w. For
parameter values as in for Fig. 3 the other cross-
correlation coefficients are

is the cross-correlation

-C.,=C,,=099.
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Fig. 3. Numerical simulation of all-to-all synchronization between lkeda systems with the
coupling scheme described in Fig.2, Egs. (1-5) for

a=80Lm,=m,=m, =ms; =m, =m, =my =my =8,m, =2m, =16,7=35.
Dynamics of the system z is shown. Dimensionless units



Shahverdiev et al.; AJR2P, 1(4): 1-13, 2018; Article no.AJR2P.44453

25

FiG.4

"B00 400 60D BOD 1000 1200 1400 1600 1800 2000

t

Fig. 4. Error dynamics AZ’W =z —w versus time t for parameters as in Fig. 3

C.  is the cross-correlation coefficient between the systems z and w. Dimensionless units

zZ,W

The value of the cross-correlation coefficients
testifies to the high- quality chaos
synchronisation, which is vital for information
processing in chaos-based communication
systems and other possible applications. In
numerical simulations, the synchronisation case
between the outermost lkeda models- z and w
are mainly presented.

It should be noted that the approach based on
the Lyapunov-Krasovskii method gives a
sufficient stability condition for synchronisation,
but does not forbid synchronisation [25] when the
condition (9) is not met. In Fig. 5 and Fig. 6 the
case of chaos synchronisation is presented when
the stability condition for all-to-all synchronisation
(9) is violated. Fig. 5 shows the dynamics of the
system z for parameter values

a=30Lm,=m, =m, =ms =mg =m, = my ~Er
my =8,m, =2m, =16,7 =35.
ror AZ’W =z —w dynamics is presented in Fig.

6.

It is seen that despite the fact that condition (9) is
violated, there is a high degree of

synchronisation. C, , =1 is the cross-correlation

coefficient between the systems z and w. For this
case the other cross-correlation coefficients are

Cx,y = Cx,z = Cx,u = Cx,w = Cy,z = Cy,u = Cy,w =
c.,.=¢C, . =1

It was noticed that larger values of the relaxation
coefficient (X decrease the amplitude of the
chaotic vibrations. Comparing the dynamics of
the variable z (Fig. 3 and Fig. 5) and the error z-
w dynamics (Fig. 4 and Fig. 6) one should pay
attention to the scale on the ordinate axis.

Next, this study considers the case of variable
time delays in the constituent lkeda models, e.g.
both the feedback and coupling time delays are
variable. The role of modulated feedback and
coupling time delays in controlling chaos in some
laser systems was studied by Shahverdiev, 2016
[28].
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Fig. 5. Numerical simulation of all-to-all synchronization between lkeda systems with the
coupling scheme described in Fig. 2, Egs. (1-5) for

a=30l,m,=m, =m, =ms =m, =m, =mg =m, =8,m, =2m, =16,7 =5. Note that stability
condition (4) is not fulfilled. Time series of the system z is shown. Dimensionless units
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Fig. 6. Error dynamics A_, =z—w versus time t for parameters as in Fig. 5 C_, is the
cross-correlation coefficient between the systems z and w. Dimensionless units
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This study considers three cases of time delay
modulations: a) sinusoidal modulation of time
delays; b) chaotic modulation of time delays; c)
combined sinusoidal and chaotic modulation of
time delays.

For sinusoidal modulations,

(t) =7+7,sin(@,t), (13)
where T is the zero-frequency component
(constant time delay) 7, is the amplitude, ®,, is

the frequency of the modulation. For this case,
following set of the new parameters is used:

=5, 7,=1, w,=0.1. Fig.7 shows the

dynamics of the lkeda model x. Numerical
simulations show that for this case the correlation
coefficients between the junctions are:

a

Cx,y = Cx,z = Cx,u = Cx,w = Cy,z = Cy,u =
Cy,w = Cz,u = Cu,w :1
Fig. 8 demonstrates highest quality

synchronisation between |keda models z and w:
Correlation coefficient C.  =1. Fig. 8(a) pictures

the dynamics of variables x (solid line) and y
(dotted line) in one plot. It is clear that after some
transient processes the dynamics of both
variables coincide with each other. Correlation

coefficient C, | =1.

For the case of chaotic modulations of the
coupling time delays the following form is
chosen:

7(t) = 5+ 0.8x,(¢), (14)

where xl (Z) is the chaotic solution of the
lkeda model:

dx,

= =23, () +10sin 3,1 -5) . (15)

Chaotic dynamics of x for parameters as in
Eq.(15) and

a=30l,m,=m,=m, =m;=mg =m, =

mg =my =8,m =2m, =16,7=5

is shown in Fig. 9. According to the numerical

simulations, for the case of chaotically modulated

feedback and coupling time delays the
correlation coefficients between the Ikeda
models are:

Cry = Cx,z = Cx,u = Cx,u = Cy,z = Cy,u =

Cv w = Cz,u = Cu,w = Cz,w = 1

Finally, the case of the combined sinusoidal and
chaotic modulations of the coupling time delays
is considered as:

7(t) = 5+0.5x,(¢)sin(0.17) . (16)

The results of the numerical modelling for this
case are:

Cx,y = Cx,z
Cy,w = Cz,u

you

=Cy,z=C =
=1 '

C..=C..
Cu,w = Cz,w

In support of high- quality synchronisation
between the driven |keda models, in Fig. 10
dependence of z on w is demonstrated.

This study has also numerically experimented
with different amplitudes and frequencies of the
modulation and obtained that the synchronisation
quality is quite robust to such modulations. As
shown by the numerical simulations the
effect of dithering coupling and feedback time
delays on the synchronisation quality
between the lkeda models is not pronounced.
In other words, the studied configuration of
lkeda models is quite robust to the
modulation of the coupling and feedback
delays.

Thus, these results testify that driven Ikeda
models, although are not coupled directly
between themselves, can be synchronised quite
robustly by a single driver model even under the
conditions of the dithered feedback and coupling
time delays.

Complete synchronisation between two lkeda
models was investigated in previous work [29]
where the authors considered the case of
sinusoidal modulation of the feedback time
delays. In this paper, complete synchronisation is
considered under the modulation of both
feedback and coupling time delays (including the
case of chaotic modulation) in a network
(however simple) Ikeda system.
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Fig. 7. Chaotic dynamics of Ikeda model x for sinusoidal modulations of the feedback and
coupling time delays. Dimensionless units
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Fig. 8.Synchronization between lkeda models z and w in case of sinusoidal modulations of the
feedback and coupling time delays: z versus w for parameters

a=30lm,=m, =m, =mg =mg =m, =mg =my =8,m, =2m, =16,7 =5. Correlation

coefficient C_ =1. Dimensionless units
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Fig. 8(a).Dynamics of lkeda models x (solid line) and y (dotted line) for the parameter values as
in Fig. 8. Correlation coefficient C,  =1.
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Fig. 9. Chaotic dynamics of lkeda model x for chaotic modulations
7(t) =5+0.8x,(¢) of the feedback and coupling time delays. Dimensionless units

10



Shahverdiev et al.; AJR2P, 1(4): 1-13, 2018; Article no.AJR2P.44453

-2

0 2 E &
"

Fig. 10. Synchronization between lkeda models z and w in case of combined chaotic and
sinusoidal modulations of the feedback and coupling time delays: z versus w for parameters

a=30lm,=m,=m, =m;, =mg =m, =mg =my =8,m, =2m, =16,7 =5,

7(¢t) =5+0.5x,(t)sin(0.1¢) . Correlation coefficient C_ , = 1.Dimensionless

units

It should also be mentioned that chaos
synchronisation is not the only phenomenon
observed in an ensemble of chaotic systems.
Another very interesting phenomenon is the
realisation of chimaera states in chaotic systems.
In another study [30], the authors have studied
dynamical properties of one-dimensional
ensembles of identical chaotic oscillators with
non-local coupling. The authors have established
that such systems can demonstrate the transition
from complete chaotic synchronisation to
spatiotemporal chaos when the coupling
coefficient decreases. This transition is called the
coherence — incoherence transition and, for
certain networks, is accompanied by the
appearance of chimaera states.

Apart from this, breathers and travelling waves
can also be observed in some networks [31]. The
study of these very interesting phenomena is
beyond the scope of this research.

4. CONCLUSIONS

This study reports on all-to-all complete chaos
synchronisation in unidirectionally nonlinearly

11

coupled Ikeda systems. Ithave considered both
constant time delays (feedback and coupling
times) and variable time delays cases. In case of
constant time delays, analytically the existence
and stability conditions for complete chaos
synchronisation have derived. Numerical
simulations fully support the analytical findings.
As synchronisation is vital in communication
systems, these results are of certain importance
for information processing purposes. Additionally,
the results are useful for obtaining high emission
power from such networks. Besides these results
testify that driven Ikeda models, although are not
coupled directly between themselves, can be
synchronised quite robustly by a single driver
model even under the conditions of the dithered
feedback and coupling time delays. This studied
configuration can serve as a motif (building
block) for much more complex networks.

ACKNOWLEDGEMENTS

This work was supported by the Science
Development Foundation under the President of
the Republic Azerbaijan-Grant No EIF-KETPL-2-
2015-1(25)-56/09/1.



Shahverdiev et al.; AJR2P, 1(4): 1-13, 2018; Article no.AJR2P.44453

COMPETING INTERESTS

Authors have declared

that no competing

interests exist.

REFERENCES

1.

10.

Boccaletti S, Latora V, Moreno Y, Chaves
M, Hwang DU. Complex networks:
Structure and dynamics. Physics Reports.
2006;424:175.

Wang W, Yu M, Luo X, Liu L, Yuan M,
Zhao W. Synchronization of memristive
BAM neural networks with leakage delay
and additive time-varying delay com-
ponents via sampled-data control. Chaos,
Solitons and Fractals. 2017;104:84.

Luo X, Sun J, Wang L, Wang W, Zhao W,
Wu J, Wang JH, Zhang Z. Short-term wind
speed forecasting via stacked extreme
learning machine with generalized corren-
tropy. |EEE Transactions on Industrial
Informatics; 2018.

DOI: 10.1109/T11.2018.2854549

Chen M, Li Y, Luo X, Wang W, Wang L,
Zhao W. A novel human activity
recognition scheme for smart health using
multilayer extreme learning machine. IEEE
Internet of Things Journal; 2018.

DOI: 10.1109/JI0T.2018.2856241

Wang W, Yu XY, Kurths J.
Synchronization control of memristive
multidirectional associative memory neural
networks and applications in network
security com-munication. IEEE Access.
2018;6:1.

Wang W, Yu XY, Luo X, Kurths J. Finite-
time synchronization of chaotic memristive
multidirectional associative memory neural
networks and applications in image
encryption. IEEE Access; 2018.

DOI: 10.1109/ACCESS.2018.2850782
Boccaletti S, Kurths J, Osipov G,
Valladares DL, Zhou CS. Physics Reports.
2002;366:1.

Rajasekar S, Sanjuan MAF. Nonlinear
and vibrational resonances in time-delayed
systems, Chapter Nonlinear resonances,
Springer series in synergetics. Springer-
Verlag, Berlin. 2016;161-201.

Lakshmanan M, Murali K. Chaos in
nonlinear oscillators: Controlling and
synchronization. Singapore, World

Scientific; 1996.

Pecora LM, Carroll TL. Synchronization in
chaotic systems. Phys. Rev. Lett. 1990;64:
821.

1.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

Shahverdiev EM, Shore KA. Generalized
synchronization in time-delayed systems.
Physical Review E. 2005;71:016201.
Shahverdiev EM, Hashimova LH,
Bayramov PA, Nuriev RA. Chaos
synchronization between  Josephson
junctions coupled with time delays. J. of
Superconductivity and Novel Magnetism.
2014;27:2225.

Shahverdiev EM, Hashimova LH,
Bayramov PA, Nuriev RA. Chaos
synchronization between time delay

Josephson junctions governed by a central
junction. J. of Superconductivity and Novel
Magnetism. 2015;28:3499.

Shahverdiev EM, Hashimova LH,
Bayramov PA, Nuriev RA. Synchronized
Josephson junctions and terahertz waves.
OPTIK. 2017;144:102.

Shahverdiev EM, Sivaprakasam S, Shore
KA. Lag synchronization in time-delayed
systems. Physics Letters A. 2002;292:320.
Voss HU. Anticipating chaos synchroniza-
tion. Phys. Rev. E. 2000;61:5115.
Sivaprakasam S, Shahverdiev EM,
Spencer PS, Shore KA. Experimental
demonstration of anticipating synchroniza-
tion in chaotic semiconductor lasers with
optical feedback. Phys. Rev. Lett. 2001;
87:154101.

Ojo KS, Njah AN, Olusola OIl. Compound-
combination synchronization of chaos in
identical and different orders chaotic
systems. Archives of Control Sciences.
2015;25:463.

Shahverdiev EM, Bayramov PA, and
Shore KA. Cascaded and adaptive chaos
synchronization in multiple time delay laser
systems. Chaos Solitons and Fractals.
2009;42:180.

Shahverdiev EM, Sivaprakasam S, Shore
KA. Dual and dual-cross synchronization in
chaotic systems. Optics Communications.
2003;216:179.

Shahverdiev EM, Nuriev RA, Hashimov
RH, Hashimova LH, Huseynova EM,
Shore KA. Inverse chaos synchronization
in linearly and nonlinearly coupled systems
with multiple time delays. Chaos, Solitons
and Fractals. 2006;29:838.

Erneux T, Larger L, Lee MW, Goedgebuer
JP. lkeda Hopf bifurcation revisited.
Physica D. 2004;194:49.

Ya. |. Khanin. Low-frequency dynamics of
lasers. Chaos. 1996;6:373.

Arecchi FT, Giacomelli G, Lapucci A,
Meucci R. Dynamics of a CO, with delayed



25.

26.

27.

28.

Shahverdiev et al.; AJR2P, 1(4): 1-13, 2018; Article no.AJR2P.44453

feedback: The short-delay regime.
Rev. A. 1991;43:4997.

Pyragas K. Synchronization of coupled
time-delay systems: Analytical estimations.
Phys. Rev. E. 1998;58:3067.

Shahverdiev EM. Synchronization in
systems with multiple time delays. Phys.
Rev. E. 2004;70:067202.

Haykin S. Communication systems. Wiley,
New York; 1994.

Shahverdiev EM. Controlling chaos in
some laser systems via variable coupling
and feedback time delays. International
Journal of Modern physics B. 2016;30:
1650181.

Phys.

29.

30.

31.

Valli D, Muthuswamy B, Banerjee S, Ariffin
MRK, Wahab AWA, Ganesan K,
Subramaniam CK, Kurths J. Synchroni-
zation in coupled l|keda delay systems.
The European Physical Journal: Special
Topics. 2014;223:1465.

Semenova N, Zakharova A, Scholl E,
Anishchenko VS. Does hyperbolicity
impede emergence of chimera states in
networks of nonlocally coupled chaotic
oscillators. Europhys. Lett. 2015;112:
40002.

Coombes S, Owen MR. Bumps, breathers,
and waves in a neural network with spike
frequency adaptation. Phys. Rev. Lett.
2005;94:148102.

© 2018 Shahverdiev et al.; This is an Open Access article distributed under the terms of the Creative Commons Attribution
License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.

Peer-review history:
The peer review history for this paper can be accessed here:
http://www.sciencedomain.org/review-history/27280

13



