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ABSTRACT

With the advent of digital computers, several prominent problems of digital circuit design emerged. A
particular class of these problems, (called Type-2 problems) can be divided into two subclasses
depending on whether an honest translator is possible or a sneaky translator is warranted. The case
of an honest translator is simply an inverse problem of logic in which knowledge of the vectorial
function Z(X) is utilised to produce its inverse vectorial function X(Z). Though an old method of
solving type-2 problems was known almost half a century ago, two modern methods are now
possible, namely the method of Boolean-equation solving and the method of input-domain
constraining. The purpose of this paper is to expose and illustrate these two novel methods, with a
stress on comparing them together and demonstrating their superiority to (as well as agreement
with) the old conventional method. This purpose is achieved by way of three typical classical
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examples for which conventional solutions are somewhat tedious and cumbersome, while modern
solutions are simple and insightful. Throughout these examples, the Karnaugh map is effectively
utilised, either in its conventional version or in its variable-entered version. The Boolean-equation-
solving method seems to involve certain unwarranted steps that might be possibly skipped.
However, its utility can be extended beyond type-2 problems.

Keywords: ‘Big’ Boolean algebras; digital circuit design; honest and sneaky translators; type-2

problems.
1. INTRODUCTION

A classical problem of digital circuit design can
be described by the general layout of Fig. 1.
Various variants or special cases of this layout
appeared on early scholarly work on the subject,
including the pioneering contributions of Ledley
[1,2], Bell [3], and Brown [4]. Fig. 1 shows a
combinational logic circuit C that is comprised of
two subnetworks A and B, while the final output
can be viewed as output s(Y,Z) or (s(X,Y,Z)) of
network B or output t(X,Y) of network C. If the
shaded path in Fig. 1 can be omitted, network B
is called an ‘honest translator’ [4], while if it is
needed (or used), this network is called a
‘sneaky translator’ [4]. Based on Fig. 1, three
‘elementary problems of digital circuit design’ are
proposed [1-5], which are

Type-1 problem: Given z(X) and s(X,Y, Z), find
t(X,Y).

Given z(X) and t(X,Y) find
s(Y,Z) if an honest translator

Type-2 problem:

is possible; otherwise find
s(X,Y,Z) for a sneaky
translator.

Given s(Y,Z) or s(X,Y,Z) as
well as t(X,Y), find z(X).

Type-3 problem:

The type-1 problem is solved trivially by direct
substitution and does not warrant further
attention. The type-2 problem was handled by
Ledley [1,2], Bell [3], and Brown [4]. It has been
also treated much more recently (via modern
techniques) by Rushdi [5], and will be revised
further herein. The type-3 problem has been
treated by Ledley [1,2] and much more recently
(via modern techniques) by Rushdi and Ahmad

[6].

We now address the probably intriguing
question: Why should we bother revisit a problem
that was really hot as back as half a century ago.
The answer is that new computational methods
associated with useful conceptual insight have
recently been made possible through a variety of

breakthrough developments made in the past
few years. These include:

1. The development of a method to suppress
certain variables Y in a parent equation
h(X,Y,Z) =1 so as to replace it by a
simpler equation g(X,Z) =1 that can be
used to solve for Z in terms of X producing
the set of solutions Z(X,Y) of the parent
equation h(X,Y, Z) that are independent of
Y [7].

2. The emergence of a novel method to list all
the particular solutions of a ‘big’ Boolean
equation in a very compact space, thereby
allowing easy selection of a specific
particular solution that enjoys certain
desirable features [6,8,9].

3. The convenience and power of rewriting
interval based conditions of the form
91<9g<g, as a don't-care based one

g = giVd(gy) [10-14].

Utilising the aforementioned developments, this
paper introduces and compares two novel
techniques for handling type-2 problems of digital
circuit design. These are:

1. A technique using solutions of ‘big’
Boolean equations. If an honest translator
is possible, we are able to handle the
inverse problem of logic by using Z(X) to
obtain X(Z) and hence produce t(X,Y) =
s(Z(X),Y) . Otherwise, we produce a
sneaky translator t(X,Z,Y). The essence
of this technique is quite similar to that
used for type-3 problems in [6].

2. A technique that enhances the earlier one
of input-domain constraining developed by
Brown [4] by augmenting it by the don’t-
care terminology by Reusch [9], Rushdi
[5,11-13], and Rushdi and Albarakati
[14]. This enhancement allows easy
minimisation as well as the possibility of
handling larger problems via the Variable-
Entered Karnaugh Map (VEKM) rather
than the Conventional Karnaugh Map
(CKM) [5,11-14].
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Details and characteristics of the two novel
techniques are clarified herein via three detailed
examples. Example 1 and 2 were earlier handled
by Bell [3], while Example 3 was treated by
Ledley [2] and Brown [4] via the conventional old
method. As we proceed, we will demonstrate
advantages of our two competing novel methods
compared to the conventional method. These
advantages include conceptual clarity, high
speed, aggregation of tasks, and better control
on outcomes. Such advantages do not pertain
only to pedagogical issues but might also be of
significant benefit to practical digital design. This
introductory section is followed by Sections 2-4
which discuss the aforementioned three design
examples. Section 5 discusses our findings while
Section 6 concludes the paper.

Fig. 1. Layout of a general problem of digital
circuit design. If the sneaky (lightly shaded)
path is needed or used, the function s(Z.Y) is
replaced by s(X,Z,Y)

2. A SMALL EXAMPLE CIRCUIT

This example was earlier handled by Bell [3] by
the long and old conventional method, and it
admits the existence of an honest translator.
There are two inputs for subnetwork B (outputs
for subnetwork A)

Z,= X, VX, (1)
Zy = X1X2, (2)

and a single desirable output for the overall
network C

t(X) = X; VX, 3)

and there are no side inputs Y for subnetwork B.
In our first novel method we obtain s(Z) by first
solving an inverse problem of logic (i.e., using
Z(X) to derive X(Z)) and then obtaining s(Z)
via

s(Z) = t(X(2)). (4)

The information given by Z(X) can be formulated
as a single Boolean equation of the form

9X,2)=(Z, 0 (X% VX)) (Z,0(XX))=1 (5

The two-valued Boolean function g(X,Z): B} —
B, is now viewed as a ‘big’ Boolean function
g(X) = B% - B4, where B, is the free Boolean
algebra FB(Z,,Z,), so that the roles of Z, and Z,
is switched from that of independent variables to
that of generators of By [14-25]. The natural
map for g(X) is shown in Fig. 2. lts entries are
some of the 4 atoms of B, = FB(Z,,Z,) which
are expressed in terms of the generators Z; and
Z,. Since these generators look like “variables”
(in fact, they were originally variables), the map
is called a Variable-Entered-Karnaugh map
(VEKM). We use the technique developed in
[15-18] to construct the auxiliary function G (X, p)
to be used in deriving the parametric solution of
g(X) =1. These solutions are expressed in
terms of a single arbitrary parameter p € B, as
[6,15,16,20]

Xl = lez \% le_zp \% d(Z_lzz), (63)
Xy = Z1Z,V Z1Zyp V d(Z,Z,), (6b)
Xl = Z_lz_z lez_zﬁ \% d(Z_lzz), (60)

Substitution of (6b) and (6c) in (3) and (4) results
in the following expression

S(Z) = Z_lz_z \% ZIZ_ZP_ \% Z_lz_z \% le_zp Vd(Z_lzz)
=Z_2Vd(Z_1), (7)
in which the parameter p disappears. However,
depending on whether we nullify or assert the

don’t-care term in (7), the following two solutions
are obtained for s(Z)

S(Z) = Z_Zi (Sa)
or
s(Z) = Z,V Z;. (8b)
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in agreement with the solution obtained in Bell

[3].

X1
VAVA Z1Z,
Z1Z, VAVA JXZ

gXx)

Fig. 2. The natural map for g(X) in Equation
(5). Each map entry is a particular minterm or
atom over (Z, Z,). The polarity of Z, is
positive over (X, vV X,), while that of Z, is
positive over XX,

X1
Z1Z,(P) Z1Z,(1)

vV d(Z1Z3) vV d(Z1Z,)
Z,Z,(1) Z,Z,(p) | |
Vd(Z,Zy) | vd(ZiZy) | Xz
G(X,p)

Fig. 3. The auxiliary function used to derive
the parametric solutions of g(X) = 1in
Section 2

Now, we employ our second novel method
adapted from the input-domain constraining
method of Brown [4]. Our basic information Z(X)
can be cast in the equational form h(X,Z) =0
where h(X,Z) = g(X,Z) is represented by the
natural map for h(X):B% — B, in Fig. 4.
According to Brown [4], our current problem can
be described by

th=0}={s=t}, 9)
which has the interval solution
ht<s<hvt. (10)

We now rewrite the double-inequality (10) in the
don’t-care notation [11-14]

s=htvdhVt)
= ht vV d(h)

= gtvd(Q). (11)

and use the maps in Figs. 2, 4, and 5 for h =
g,h, and t to construct the natural map for s
in Fig. 6 according to (11). This map is simplified
by noting that (11) indicates thats = g v d(g) =
gvd() when t =1, and that s =d(g) when
t=1. Fig. 6 can immediately be used to
produce an expression of s that is a function of
both X and Z, i.e., a sneaky translator, of the
form

s(X,2) = (X, X, VX, X,)(Z,Z, v d(1)) v
X.X,(Z,Z, v dQD)) vV X, X,d(Z, V Z,). (12)
However, we note that none of the four atoms of
FB(Z,,Z,) has a mixed assertion in the cells of
the map of Fig. 6. In fact, each of atoms 7,7,
and Z,Z, is only asserted positively in this
map (in cells X, X, and X,X, for the former
atom and cell X, X, for the latter one), while the
atom Z,Z, is only asserted negatively (in
cell X,X, ). By contrast, the atom Z,Z, is
neiter asserted positively or negatively in the
map. The lack of any mixed assertion is
equivalent to the condition demanded by
Brown [4] for an honest translator i.e., one for
which s is independent of X [5]. According to
the VEKM “enlargement” rule [11,26,27], the
VEKM in Fig. 6 might be read to yield any of
the two solutions in (8). Alternatively, we
note that, for an honest translator s is a
disjunction of all positively asserted atoms and
possibly any of the totally don’t-care atoms [5],
i.e., s is given by

S = le_z \% Z_lz_z Vd(lez)
=27, vd(Zy),

is agreement with (8).

X1
ZVZ, ZV Z,
Zl VZZ Z_1VZZ X2

h(X,Z)=0

Fig. 4. The natural map for h(X, Z) needed in
the second method in Section 2
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t(X) = Xl \% XZ

Fig. 5. Conventional Karnaugh map for t(X)
expressed by (3) in Section 2

X1
Z1Z5V d(ZyV Zy)
a(1)
7.7,V 2.7,V ||
d(1) d(1) R

s(X,Z) =htvd(h)

Fig. 6. Simplified natural map for s(X, Z) in
Section 2

3. AN ASYMMETRIC EXAMPLE CIRCUIT

This example was used by Bell [3] to
demonstrate the power of his method and show
how it is applied when the number of elements of
Z differs from that of X. In the current example,
these two numbers are 5 and 4, respectively,
while they were 2 and 2 in the example of
Section 2. Again, there is no side inputs Y, and
Z(X) is given by

Z,(X) = Xy, (14a)

Z,(X) = X, X,V X3X,, (14b)

Z3(X) = X,(X2 X4 V X,X3) V X1 (XX, V X, X3)

(14c)
Z4(X) = X1X3 \Y% X4(X1 \ Xz), (14d)
Z5(X) = X,(X, X3V X,X3) V X1 X,X3X,, (14e)

and the required single output for the overall
network C is

tX) = X, X, v X;(X, VXX,V X,X,). (15)

The information supplied by Z(X) in (14) is
equivalent to a single Boolean equation of the
form

9X.2) = N, (Z; © Z;(X)) = 1. (16)
The function g(X, Z): B - B, is viewed as g(X):
B* > B, where B = FB(Z,,Z,,723,24,%Z5) has 5
generators, 25=32 atoms, and 232 =
4,294,967,296 elements. The natural map for
g(X) is shown in Fig. 7. An entry in the cell X of

this map is an atom of B of the form lel(x) ZZZZ(X)

Z323(X> Zf‘*(x) ZSZs(X)_ Since Z,(X) = X,, the literal
7™ = 7% is 7, when X, =1 and Z, when
X, = 0. For convenience, the map demonstrates

the construction of 253()() (as an example) by
showing the loops of Z;(X) in (14c), so that
Z5(X) appears as Z; inside these loops and as
Z5 outside them. Out of the 32 atoms of B, the
atom Z,Z,Z57,Z has two appearances in Fig. 7,
which are each appended by one of the
orthonormal tags p, and p; in Fig. 8, for the
auxiliary function, while the atom Z,7,7,Z,Z- has
three appearances in Fig. 7, which are each
ANDed with one of the orthonormal tags, p,, p,ps
and p,p; in Fig. 8, where each of p,, p, and
p3 € B, [6, 16]. There are 11 other atoms with a
single appearance in Fig. 7, which are each
tagged by (1) in Fig. 8, while the remaining 19
atoms do not appear at all in Fig. 7, and must be
nullified as a consistency condition and further
entered don’t-care in the cells of Fig. 8. There
are 2*3 = 6 particular solutions for X. Fig. 9
shows solutions for the X variables, their
complements, and their products, culminating in
a map for s =t where t is given by (15). Note
that the three parameters p, , p, and p;
disappeared from the final map for s, which
makes s parametrically unique  (albeit
incompletely specified). The map for s in Fig. 9(1)
is particularly covered by the two essential prime-
implicant dotted loops Z,Z, and Z,Z; (shown
solid). To complete the coverage of s, either of
the dotted non-essential loops Z,Z,Z; or Z,Z,7Z
is needed. Hence, there are two minimal
solutions of s.

S = Z_1Z4 VZ_2Z_3 VZ1Z_4Z_5, (173)

S :Z_1Z4VZ_22_3 VZZZ_4Z_5, (17b)
in agreement with the results of Bell [3].

Now, we consider the second method for this
example. Fig. 10 represents the map for t(X) in
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(15), while Fig. 11 utilises Fig. 7 (and its
complement) together with Fig. 10 to produce a
map for t(X,Z), which can be used to find a
sneaky translator. However, we note that an
honest translator is possible since none of the 32
atoms of FB(Z,,Z,,Z5,Z,,Zs) has a mixed
assertion in Fig. 11. In fact, there are 6 atoms
that are asserted positively, 7 atoms that are

asserted negatively, and 19 atoms asserted
neither way. Hence s can be made an honest
translator as a disjunction of the 6 positively
asserted atoms and, possibly, any of the totally
don’t-care (non-asserted) atoms. This precisely
expresses s by the map in Fig. 9(l), thereby
recovering our earlier results.

X1X,X,

N {I Xl |
\ oo S X, %X
712,252, 75 | Z1Z,732475 | \aZ2ZsaZaZs || 212223 ZaZs (© TH
______ I
\ L
R I
Y. X — = - - - = = 5 I
KXo X Z,2,252475 | 7,2,757,75 | Z1Z223Z4Zs | Z1Z2Z3Z475 |
N X4
e - ) )
7123752475 || 2122237475 | 7123232475 | 2172737475
N 21
I
X3 o I it - )
VAVAYAYAIVA : YAVAYAYAVA 12122232425 | Z122Z3Z4Z5
L A pd ' I
X1 X2 X3 le
gXx)

and outside which Z; appears

( X1

712,757, 75p3p3 V
A(Z12223V Zy 2324V
212225 N 217,74V
71232425V 21227374 NV
712223724 N Z1Z2 2574 75)

712,232, Z5 V
d(Z1Z,23V Z2Z374 NV
217225\ 212,74 NV
Z1ZZ4Z N 21227374 NV

VAV A AVAY YV

7122732, Z5 V
d(Z12,23V ZoZ3 74V
Z1Z2Zs N 212224V
71224 Z N ZyZy 2374 NV

71722374 N 21227574 75)

712,237,725V
d(Z1Z,23V ZoZ3 74V
Z1Z2Zs N 212274V
212,242 7122324V
71222374 N 21227574 75)

71722257475V
A(Z1Z,Z3V Z3Z3Z4 NV
717,25 N 217,724V
21222475V 21227324V
712,7524 N 2127574 75)

2123232425 p2 V
(212323 NV Zy 2524V
712,25V 212,24V
71792425V Z1 2372374V
71757524 N 21252574 75)

7172737475V
d(Z12,25V Zy 2324V
212,25V Z1Z, 24V
2,222425V 2,2, Z3Z4 NV
21237374 N 212,252, 75)

71722374725V
d(Z1Z,Z3V Zy 2524V
212,25V Z1Z,Z4 NV
21227425V 2, ZyZ3Z4 NV
71232324 N 212,237, 75)

712,252,475V
d(Z123,23NV Z2Z2574V
712225\ 212,724V
VAVAY VAN AV AV AV IR
71222374 N Z1Z2 2574 75)

712,232, Z5 V
d(Z1Z323V Z2Z374, NV
712225V Z1Z,Z4 NV
7123 Z4Z N 21257374 NV
717223724 N Z1Z2 2524 75)

212y Z3Z4Zsp, V
(212,73 V Zy 2374V
212275V Z1Z,Z4 V.
2127425\ 21222374V
71722374 21227574 75)

212y Z3Z4Zsp, V
(212,75 V Z3 2374V
212275V Z1Z2Z4 NV
21227475V 24 Zy 2324 NV
71722374 N 2127574 75)

7,2,752475pap3 V
A(Z1Z,25 NV Zy 2324V
7172225 N 212,74 V
YAVAY VAR AV AV AV
71232324 N 2127374 75)

7173257475 V
d(Z1Z,Z3V Z3 2324V
212225 N 217,74V
YAV YAV LYY
7122324 N 2127374 75)

712,757,475V
d(Z1Z223V Zy 2324V
Z1Z225 N 212,74V
71224325 N 71227374 NV
7122324 N 2122324 75)

7123757475V
d(Z12,Z3V Zy 2324V
Z1Z2Z5 N 212,74V
212,742\ 712,232,V
7122324 N 21227374 75)

X3

G(X,p)

Fig. 7. The natural map for g(X) in (16). Loops for Z3(X) are shown, inside which Z; appears

Fig. 8. The auxiliary function used to derive the parametric solutions of g(X) = 1 in Section 3



Rushdi and Ahmad; CJAST, 29(2): 1-15, 2018; Article no.CJAST.43728

Zy Zy
1 1 d d d d d P2 d d d d d
1 d 1 d d d d 1 d 1 d d 1 d d
Zs
d d d d d d d | d d d d d
N Zy
d 1 1 d d d d | d 1
Z3 z, Zy Z3 Z, Z3
(a) Xl (b) X2
z, Z,
P2P: -
v§2;3 d d d 1 d d P2Ps d d d 1 d d
22
d d d d d 1 d d d 1 d d
Zs
d d d d 1 d d d 4 d 4 d d
Zy Zy
d 1 1 d P1 d 1 d 1 d d 1 1
Z3 z, Zy Z3 Z z4
c X %
(o) 2 d X3
Z; Z,
D2P3
7 d d d d d Vs | 1 d d d 1 d d
d 1 d d d d 1 d d d 1 d d
Zs
d d d d d d d d d d 1 1 d d
A Zy
d 1 1 d 1 d 1 1 d d d
Z3 Z, Z3 73 Z, Z3
(e) X4 (f) X4-
Zy Z,
P2 d d d 1 d d P d d d d d
d d d d d d 1 d d d d
Zs
d d d d 1 d d d d d d d d
Z, Zy
d d d d d | d 1
Z3 Z, Z3 Z3 Z, Z3

(8) X2X, (h) XX,
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(i) X; VXX, VXX,

Z4 Z;
1 1 d d 1 d d Pz d d d 1 d d
V3
1 d d d d d 1 d d d d d
Zs
d d d 1 d d d d d d d d
Z, 7
d 1 d Py d 1 d 1 d d 1
Z3 Z, Z3 Z3 Z, Z3

() Xz3(XyV XXy V X, X,)

> 5 717475 212_42_5
A ZyZ3 \ Z; /
\ \ y
W E— Lot il eSS SR SN A K] —
| 1 ! 1
P2 d d d d 1 1 d Id 1 d dl
Al pil i i SE S I LS e ) S,
d d d d d 1 d d d d d
Zs
d d d d d ﬁ d d dw d d
Zy Zy
d 1 d d d 1* 1 dJ d 1%
— —
Z3 Z, Z3 / Z3 Z Z3
(k) X1X2 (l) s=t

Fig. 9. Solutions for the pertinent X variables, their complements and products in Section 3,

culminating in a map for s = t as given by Equation (15)

X1

Xz

t(X)

Fig. 10. Conventional Karnaugh map for t(X) expressed by Equation (15) in Section 3
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vd(1) vd(1) VZ,4VZs) vd(1)
vd(1) vd(1) vd(1) VZ,VZs)
— X,
71722737475 d(ZyVZy,VZy | d(ZyVZyVZy | d(ZyVZyV Zg
vd(1) VZ,VZs) VZ,VZs) VZ,VZs)
X3
YAVAYAYAVA d(Z;VZ,VZ3 | d(Z;VZ,VZ3 | d(Z1VZ,V Zs
L vd(1) VZ,VZs) VZ,VZs) VZ,VZs)
| X, |

s(X,2) =tg v d(g)

Fig. 11. Natural map for s(X, Z) in Section 3

4. A CIRCUIT EXAMPLE WITH SIDE
INPUT

This example was solved earlier by Ledley [2]
and Brown [4] and differs from the earlier two
examples, since it has side inputs Y. The
example is specified by:

t(X,Y) = X, X,V V1 X,X; VL,(X, X3 VX)), (18)

Z(X) = : (19)

We rewrite (19) in equational form as

Q(X,Z) = (Z]. O] (XLXZ VXIX:;))(ZZ ©
(X, %, VXlgs))(Zs O XX, v Xsz)) =1 (20)

and proceed to solve it for X in terms of Z. In
Figs (12a)-(12c), we draw maps of the factors in
(19), and then AND them cell-wise to draw the
natural map of g as a function of X over the big
Boolean algebra FB(Z,,Z,,Z5). Fig. 12(d) shows
that four atoms of FB(Z,,Z,,Z3), namely Z,Z,Z5,
717,75, 712,75, and Z,Z,7Z, appear once each,
and two atoms, viz., Z,Z,Z,, and Z,Z,Z, appear
twice each, while the remaining two atoms
(Z2,Z,Z5, and Z,Z,75) never appear. This means
that the consistency condition is

217,75\ 2, 7,75 = 0, (21)

and the number of particular solutions subject to
that condition is (1)*(2)> = 4. The auxiliary
function G(X,p) is shown in Fig. 13 where we
used a parameter p, to create orthonormal tags
{p1, p,} for the atom Z,Z,Z;, and an independent
parameter p, to create orthonormal tags {p,, p.}
for the atom Z,Z,Z,. From Fig. 13, we obtain the
following expressions for the X variables and
some of their complements

Z1Z,75), (22a)

X, = 2173V 212,V Z1Z,73p, NV d(Z1Z,75V
7,2,75), (22b)
(22c)

Xy = 212,23V 212,739, V Z12,23V d(Z,Z,Z5V
Z,Z,7Z5), (22d)
X = 7,25V
Z1Z373).

VAV ARVER AV AV AN VR A VAVAY AR

(22e)

Finally, t(X,Y) in (18) is replaced by s(Z,Y),
using intelligent multiplication [28-34]

S(Z, Y) = 2_123 \ Y1212_223 \% Yz(Z_lzz VZZZ_g) \%
d(Z1Z,724V Z1Z,75) (23)
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Xy
_ _ _ I = \A'/Xl)?z
Zl Zl Zl | Zl |
I |
M B _ ' T
l Z1 Zl | Zl l Z]_ /I X3
/_'___.-___I - J
XX, X,
A Z,OZi(X)=Z; O (X1X, VX,1X3)
IR IS R dielnks Inlaiaaw o
Z R l 2 Zy |
1 | ——————
. | | _ _ j
Zz l ZZ I ZZ ZZ X3
—_——
\ / -
X,
B) Zz OZZ(X) =Z2 O(X].XZ VXIX3)
\\
_ _ \/ - Z_ A _
Z3 Z3 | 3 Z3
I |
= A N R
Z3] Z3 | % b1z X,
-—— E— L
T | -
X, Xs X,
C)Z; OZ3;(X) =Z3 0 (X1 X2V XX3)
X
7,7,7 7.7,75 AVAYA 712,25
) _ - . o
VYA 212,23 77,7, 125 | g,
| ]
Xz
D) g(X)

Fig. 12. Gradual derivation of the natural map of g(X) of in Section 4
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Z,7,7Z3(1) Z,Z,73(1) Z1Z2Z5(0)V | Z1Z,75(P1)
Vd(Z1Z,25 | V(22,25 | 212,25V | Vd(Z,2,7;
V Z1Z3Z3) V Z1Z,73) YAVAYAY) V Z1Z,23)
212323 (D) V| Z1Z2Z3(p1) V| Z122Z3()V | Z12,Z3(p) V| |
d(Z1ZyZ3Vv | 4212323V | d(Z1Z,Z3V | d(Z12:Z5V | X,
AVAYAR)) Z12yZ3) Z12,73) YAVAYAY) ]
\ %,

G(X,p)

Fig. 13. The auxiliary function needed in Section 4

The function s(Z,Y) is represented by the VEKM
of Fig. 14, which can be read to yield the minimal
expression (obtained earlier by Brown [4])
S(Z, Y) = 2_123 \% leg VYzzz. (24)
Fig. 14 can also be used to verify the non-
minimal solution obtained by Ledley [2]

s(Z,Y) = 7,23 VY217, NV Yy 7o 7. (25)
Now, we consider the second method for
this example. Fig. 15 represents a VEKM for
t(X,Y) in (18). When one utilises Fig. 12(d)
(and its complement) to produce a
representation of s = tg v d(g), Fig. 16 is simply
obtained.

1
/___!_- ______ \
0 I' Y, Y, 1 d
I
! I
" b . o
2123——tl I b1 L h : Zs
___________ AT TR N’ J
7 Z
s(Z,Y)

Fig. 14. A VEKM representation for s(Z,Y) in Section 4

X1

-
Y X3
]

X,

t(X,Y)

Fig. 15. A VEKM representing t(X,Y) in (18) of Section 4
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X1
d(Zy VZyV Z3) Y, 212,75V 212,75V Yy 212575V
d(Z, VZ,V Z3) d(1) d(Z, VZ,V Z3)
d(Zy VZyVvZ3) | d(Z; VZI,VZ3) d(1) d(Z, VZ,V Z3)

Lo

X

s(X,Y,Z) =tgVvd(g)

Fig. 16. A VEKM representing s(X,Y, Z) in Section 4

With s(X,Y,Z) viewed as s(X): B3 —» B, where
B = FB(Z,,Z,,75,Y,,Y,) has 32 atoms. Again,
none of these atoms (which can be viewed as
the cell products of the 5-variable Karnaugh map
in Fig. 17 has a mixed assertion. In fact, we are
forced to enter a single entry of 1 in 14 cells of
the map in Fig. 17, to enter a unique 0 entry in 10

cells of that map, and to leave 8 cells intact
(presumably don’t-cares). This means that
s(X,Y,Z) can be represented by the map in Fig.
17 as s(Z,Y) independently of X, and it has the
minimal coverage depicted by the three loops in
Fig. 17 which corresponds to the expression
(24).

; Zy
R B
o |1 1* 1} 0 0 d 0 d
o : |
| T T T T T 0
o 1 |, 11 1 1 d 1] o0 d
I I
I |
Y _
2 PP SR
i A r o I
o |y 1 jA1n| o1 1 (1d, 1I d
o :I s.'.l___.-___..'.a : Y
/! r I , 1
o |I'1 1d 0 0 :d 11| 4
R R \_ B
B el sl
ZB‘ Z2 “Z3
s(Z,Y)

Fig. 17. A 5-variable Karnaugh map for admitting a representation of s(X,Y,Z) that is
independent of X

12
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Table 1. Comparison of the methods of Boolean-equation solving and input-domain
constraining

Boolean-equation solving

Input-domain constraining

Scope A general-purpose technique A special-purpose technique
Utility Useful for a wide variety of Particularly tailored to the
applications including the Type-  Type-2 problem
2 and Type-3 problems
Efficiency Relatively less efficient as it Relatively more efficient as it

produces parameters that
ultimately disappear

does not include any
unwarranted steps

Potential as a replacement to
the conventional method
generality

A good replacement due to its
simplicity, insightfulness, and

A good replacement due to
its simplicity, insightfulness,
and speed

5. DISCUSSION

This paper is a part of our own consolidated
effort to modernise certain techniques for
handling fundamental problems of digital circuit
design. These efforts are just a modest
supplement to extensive efforts by the digital-
design community [35-48]. We devote this paper
to handling what is called Type-2 problems, with
our sister publication [6] dedicated to Type-3
problems. While our treatment of Type-3
problems in [6] relied solely on equation-solving
in big Boolean algebras, we considered herein a
similar treatment for Type-2 problems, but we
exposed it in comparison with another method [5]
that adapts the input-domain constraining
technique via utilisation of variable-entered
Karnaugh map (VEKMs) together with modern
don’t-care notation. Our method used in [6] as
well as our two methods employed herein
outperform the conventional method both in
speed and clarity. Our main concern herein is to
decide which of our two novel competing
methods in preferable. The answer seems to be
a matter of personal taste, convenience, and
relative experience. There is definitely some
similarity, interaction, and conceptual relationship
between the two methods. We note that the
Boolean-equation-solving  method  produces
parametric solutions that lead to several
parametric solutions expressed in terms of a few
parameters. However, these parameters
disappeared later in the final stage of problem
solving. Therefore, the Boolean-equation-solving
method seems to involve certain unwarranted
steps that might be possibly skipped. However,
its utility is not restricted to type-2 problems,
since it handles type-3 problems (and many
other problems) as well. In all the examples
worked out herein, the two methods obtained
exactly the same answers. These answers
agreed with (or occasionally were more compact
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than) answers obtained conventionally. Table 1
summarises our comparison of the two methods
of Boolean-equation solving and input-domain
constraining.

6. CONCLUSIONS

This paper exposed, illustrated, and compared
the two methods of Boolean-equation solving
and input-domain constraining, which are novel
methods for handling Type-2 problems of digital
circuit design. The paper demonstrated the
superiority of these two methods to (as well as
agreement with) the old conventional method.
Three typical classical examples are presented,
for which known conventional solutions are
somewhat tedious and cumbersome, while the
modern solutions presented herein are simple
and insightful. Throughout these examples, the
Karnaugh map is effectively utilised, either in its
conventional version or in its variable-entered
version.

COMPETING INTERESTS

Authors have declared that

interests exist.

no competing

REFERENCES

Ledley RS. Boolean matrix equations in
digital circuit design. IRE Transactions on
Electronic Computers. 1959;EC-8(6):131-
139.

2. Ledley RS. Digital computer and control
engineering. McGraw-Hill, New York, NY,
USA; 1960.

3. Bell NR. A map method for the teaching of

the fundamental concepts of compound-
input logic circuits. IEEE Transactions on
Education. 1968;11(3):173-177.



10.

1.

12.

13.

14.

15.

16.

Rushdi and Ahmad; CJAST, 29(2): 1-15, 2018; Article no.CJAST.43728

Brown FM. The constrained-input problem.
IEEE Transactions on Computers. 1975;
C-24(1):102-106.

Rushdi AMA. Handling generalized type-2
problems of digital circuit design via
the variable-entered Karnaugh map.
International Journal of Mathematical,
Engineering and Management Sciences
(IIMEMS). 2018;3(4).

Rushdi AMA, Ahmad W. Digital circuit
design utilizing equation solving over ‘big’
Boolean equations. International Journal of
Mathematical, Engineering and Manage-
ment Sciences (IJMEMS). 2018;3(4).
Brown FM. On the suppression of
variables in Boolean equations. Discrete
Applied Mathematics. 2011;159(5):255-
258.

Rushdi AMA, Ahmad W. Satisfiability in
‘big’ Boolean algebras via Boolean-
equation solving. Journal of King Abdulaziz
University: Engineering Sciences. 2016;
28(1):3-18.

Rushdi AMA, Ahmad W. A novel method
for compact listing of all particular solutions
of a system of Boolean equations. British
Journal of Mathematics & Computer
Science. 2017;22(6):1-18.

Reusch B. Generation of prime implicants
from subfunctions and a unifying approach
to the covering problem. |IEEE Transac-
tions on Computers. 1975;100(9):924-930.
Rushdi AM. Improved variable-entered
Karnaugh map procedures. Computer and
Electrical Engineering. 1987;13(1):41-52.

Rushdi AM. Using variable-entered
Karnaugh maps to solve Boolean
equations. International  Journal  of

Computer Mathematics. 2001;78(1):23-38.
Rushdi AM. Efficient solution of Boolean
equations using variable-entered Karnaugh
maps. Journal of King Abdulaziz
University: Engineering Sciences.
2004;15(1):105-121.

Rushdi AMA, Albarakati HM. Prominent
classes of the most general subsumptive
solutions of Boolean equations.
Information Sciences. 2014;281:53-65.
Rushdi AM, Amashah MH. Parametric
general solutions of Boolean equations via
variable-entered Karnaugh maps. Journal
of Qassim University: Engineering and
Computer Sciences. 2010;3(1):59-71.
Rushdi AM, Amashah MH. Using variable—
entered Karnaugh maps to produce
compact parametric general solutions of
Boolean equations. International Journal of

14

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Computer Mathematics. 2011;88(15):3136-
3149.

Rushdi AM. A comparison of algebraic and
map methods for solving general Boolean
equations. Journal of Qassim University:

Engineering and Computer Sciences.
2012;5(2):147-173.
Rushdi AM, Amashah MH. Purely-

algebraic versus VEKM methods for
solving big Boolean equations. Journal of
King Abdulaziz University: Engineering
Sciences. 2012;23(2):75-85.

Rushdi AMA, Albarakati HM. Construction
of general subsumptive solutions of
Boolean equations via complete-sum
derivation. Journal of Mathematics and
Statistics. 2014;10(2):155-168.

Rushdi AMA, Al-Qwasmi M. Formal
derivation of a particular input of a single
AND (OR) gate in terms of its output and
other inputs. Journal of King Abdulaziz
University: Engineering Sciences. 2016;
26(2):51-62.

Rushdi AM, Zagzoog SS. Design of a
digital circuit for integer factorization via
solving the inverse problem of logic.
Journal of Advances in Mathematics and
Computer Science. 2018;26(3):1-14.
Rushdi AM, Zagzoog SS. Derivation of all
particular solutions of a ‘big’ Boolean
equation with applications in digital design.
Current Journal of Applied Science and
Technology. 2018;27(3):1-16.

Rushdi AM, Zagzoog SS, Balamesh AS.
Design of a hardware circuit for integer
factorization using a big Boolean algebra.
Journal of Advances in Mathematics and
Computer Science. 2018;27(1):1-25.
Ahmad W, Rushdi AMA. A new
cryptographic scheme utilizing the difficulty
of big Boolean satisfiability. International
Journal of Mathematical, Engineering and
Management Sciences (IJMEMS). 2018;
3(1):47-61.

Rushdi AM, Balamesh AS. On the relation
between Boolean curve fitting and the
inverse problem of Boolean equations.
Journal of King Abdulaziz University:
Engineering Sciences. 2018;28(2):3-9.
Rushdi AM, Al-Yahya HA. A Boolean
minimization procedure using the variable-
entered Karnaugh map and the generali-

zed consensus concept. International
Journal of Electronics. 2000;87(7):769-
794.

Rushdi AM, Al-Yahya HA. Further

improved variable-entered Karnaugh map



28.

29.

30.

31.

32.

33.

34.

35.

36.

Rushdi and Ahmad; CJAST, 29(2): 1-15, 2018; Article no.CJAST.43728

procedures for obtaining the irredundant

forms of an incompletely-specified
switching function. Journal of King
Abdulaziz University: Engineering

Sciences. 2001;13(1):111-152.

Brown FM. Boolean reasoning, the logic of
Boolean equations. Kluwer Academic
Publisher, Boston, MA, USA; 1990.

Rushdi AM, Al-Yahya HA. Derivation of the
complete sum of a switching function with
the aid of the variable-entered Karnaugh
map. Journal of King Saud University:
Engineering Sciences. 2001;13(2):239-
269.

Rushdi AM, Rushdi MA. Switching-
algebraic analysis of system reliability,
Chapter 6 in Ram, M. and Davim, P.
(Editors), Advances in Reliability and
System Engineering, Springer, Cham,
Switzerland. 2017;139-161.

Rushdi AMA, Ahmad W. Finding all
solutions of the Boolean satisfiability

problem, if any, via Boolean-equation
solving. Journal of King Abdulaziz
University: Engineering Sciences. 2017;
27(1):19-34.

Ahmad W, Rushdi AMA. A novel
minimization method for sensor

deployment via heuristic 2-sat solution. Sir
Syed University Research Journal of
Engineering & Technology. 2017;7(1):1-7.
Rushdi RA, Rushdi AM. Karnaugh-map
utility in medical studies: The case of fetal
malnutrition.  International Journal of
Mathematical, Engineering and Manage-
ment Sciences (IUMEMS). 2018;3(3):220-
244,

Rushdi MA, Rushdi AM, Zarouan M,
Ahmad W. Satisfiability in intuitionistic
fuzzy logic with realistic tautology. Kuwait
Journal of Science (KJS). 2018;45(2):15-
21.

Wang H. Circuit synthesis by solving

sequential Boolean equations.
Mathematical Logic Quarterly. 1959;
5(14-24):291-322.

Brown FM. Equational logic. IEEE
Transactions on  Computers. 1974;

C-23(12):1228-1237.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

Brown FM. Weighted realizations of
switching functions. IEEE Transactions on
Computers. 1975;C-24(12):1217-1221.
Brown FM. Equational realizations of
switching functions. IEEE Transactions on
Computers. 1975;C-24(11):1054-1066.
Wang Y, McCrosky C. Solving Boolean
equations using ROSOP forms. IEEE
Transactions on Computers. 1998;47(2):
171-177.

Rushdi AM, Ba-Rukab OM. Low-cost
design of multiple-output switching circuits
using map solutions of Boolean equations.
Umm AL-Qura University Journal: Science
Medicine & Engineering. 2003;15(2):59-79.
Navabi Z. Digital design and implemen-
tation with field programmable devices.
Springer Science & Business Media; 2004.
Nedjah N, de Macedo Mourelle L. A
comparison of two circuit representations
for evolutionary digital circuit design. In
International Conference on Industrial,
Engineering and Other Applications of
Applied Intelligent Systems. Springer,
Berlin, Heidelberg. 2004;594-604).

Katz RH, Borriello G. Contemporary logic
design, Second Edition, Pearson
Education, Upper Saddle River, New
Jersey, USA; 2005.

Horowitz M, Stark D, Alon E. Digital circuit
design trends. IEEE Journal of Solid-State
Circuits. 2008;43(4):757-761.

Horowitz M, Stark D, Alon E. Digital circuit
design trends. IEEE Journal of Solid-State
Circuits. 2008;43(4):757-761.

Fakhfakh M, Tlelo-Cuautle E, Siarry P,
(Eds.). Computational intelligence in digital
and network designs and applications.
Springer International Publishing; 2015.
Llorente C. Outcome-based approach in
teaching digital systems design for
undergraduate computer and electronics
engineering programs. Journal of Tele-
communication, Electronic and Computer
Engineering (JTEC). 2017;9(2-8):113-118.
Donzellini G, Oneto L, Ponta D, Anguita D.
Combinational  network  design. In
Introduction to Digital Systems Design.
Springer, Cham. 2019;33-78.

© 2018 Rushdi and Ahmad; This is an Open Access article distributed under the terms of the Creative Commons Attribution
License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.

Peer-review history:
The peer review history for this paper can be accessed here:
http://www.sciencedomain.org/review-history/26341

15



