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Abstract

The study suggests asymptotic behavior of the solution to a new class of

K
difference equations: y,,, =a+ »_b,
" i=0 al//n72i + ﬂl//,]_(Zi+1)

a,b,a and p are positive real numbers for i=0,1---,k, and the initial

V-(2in)

, 1=0,1,2,---. where

conditions /_ DWW, are randomly positive real numbers where
j =2k +1. Accordingly, we consider the stability, boundedness and periodicity

of the solutions of this recursive sequence. Indeed, we give some interesting
counter examples in order to verify our strong results.
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1. Introduction

The global asymptotic behavior of the solutions and oscillation of solution are
two such qualitative properties which are very important for applications in
many areas such as control theory, mathematical biology, neural networks, etc.
It is impossible to use computer based (numerical) techniques to study the oscil-
lation or the asymptotic behavior of all solutions of a given equation due to the
global nature of these properties. Therefore, these properties have received the
attention of several mathematicians and engineers.

Currently, much attention has given to study the properties of the solutions of
the recursive sequences from scientists in various disciplines. Specifically, the
topics dealt with include the following:

- Finding equilibrium points for the recursive sequences;

- Investigating the local stability of the solutions of the recursive sequences;
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- Finding conditions which insure that the solutions of the recursive sequences
are bounded;

- Investigating the global asymptotic stability of the solutions of the recursive
sequences;

- Finding conditions which insure that the solutions of equation are periodic
with positive prime period two or more;

- Finding conditions for oscillation of solutions.

Closely related global convergence results were well-gained from these articles

[1]-[25]. Khuong in [14] studied the dynamics the recursive sequences

p
l//7]+1 =a+ m .
Wor

For further related and special cases of this difference equations see [4] [5] [6],
[21] [22] [24].

Elsayed [9] studied the periodicity, the boundedness of the positive solution of
the recursive sequences
by, + v,

v/1+ =a+ "
" ey, +dy,

Abdelrahman [1] considered analytical investigation of the solution of the

recursive sequence

by “
l//77+1 = a‘l//ry—k + 5 —’7' .
Cl//Ufk + d (//r]fl

By new method, Elsayed [10] investigated the periodic solution of the

equation

4 W,
Vya=a+pf—ty—=.
V/q—l l//n
Also, Moaaz [18] completed the results of [10].
In this work, we deal with some qualitative behaviour of the solutions of the

recursive sequence

Y o-(ais)

Kk
‘//77+l =a+ Z bi

, 1=012,--- (1.1)
i-0 al//r]—ZiJrﬂl//q—(ZHl)

where a,b,a and S are positive real numbers for i=0,1---,k, and the the
initial conditions v _;,p_
j=2k+1.

In the next, we will and to many of the basic concepts. Before anything, the

ju0' W, are arbitrary positive real numbers where

concept of equilibrium point is essential in the study of the dynamics of any
physical system. A point y in the domain of the function ® is called an
equilibrium point of the equation

W77+1:(D(l//;?!!//;]flv'“ll//nfk)! 772011!2!“' (1'2)

if ¥ isa fixed pointof ® [®(y,p,---,¢)=y . For a stability of equilibrium
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point, equilibrium point ¥ of equation (2) is said to be locally stable if for all
£>0 there exists §>0 such that, if y_ e (0,00) for v=0,1---,k with
Zikzoh//_i —1/7| <& .Aswell, ¥ issaid to be locally asymptotically stable if it is
locally stable and there exists y >0 such that,if y , e (O, oo) for v=0,1,---,k
with Zik:0|l//4 —|/7|<)/, then lim v, =w . Also, v is said to be a global
attractor if used for every y_, e(0,0) for v=01---k , we have

lim, ., v, =y . On the other hand, y is said to be unstable if it is not locally
stable.

Finally, Equation (1.2) is called permanent and bounded if there exists
numbers r and R with O0<r<R<o such that for any initial conditions
v, €(0,0) for v=0,1---,k there exists a positive integer N which depends
on these initial conditions suchas r<y, <R forall n>N.

The linearized equation of Equation (1.1) about the equilibrium point  is
Kk

Ypa = z PiY,-i (1.3)
i=0

where
oF
a (//)']*i

(AN}

Theorem 1.1. [15] Assume that p,eR for i=01---,k . The +ve
equilibrium of (1.1) is locally asymptotically stable if

|p0|+|p1|+~-+|pk|<l. (1.4)

2. Local Stability of Equation (1.1)

The +ve equilibrium point of Equation (1.1) is

. k by
y=a+) ———,
g.;awrﬂ'//
and so,
y=a+ ,
v a+p
where

Kk
B=>b,

=0

Let feC((0,%)",(0,%0)] defined by

f (Ups Uy, oo Uy ) =2 Zk: Lo (2.1)
i=0 OUy; + ﬁu2l+l

Therefore it follows that

af —_ brau2r+1 (22)

auzr (aUZr +ﬂu2r+1)2

and
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of b,au,,

= 5 (2.3)
auz”l (aUZr +ﬂu2r+1)
for r=01,---,k.
Theorem 2.1. Let  be +Ve equilibrium of Equation (1.1). If
(a-p)B<a(a+p),
than y islocally stable.
Proof From (2.2) to (2.3), we obtain
of (A A):_ b.a _p
u, YT T s p)(a(ar p)+B)
and
ﬂ(*... )= b _p
o (e p)(a(arp)eB)
for r=0,1,---,k . Thus, the linearized equation of (1.1) is
Yo = PoYy + PYya +7 % Paa Yy iy
It follows by Theorem 1.1 that Equation (1.1) is locally stable if
by |+| by |+...+| b.o |+| b |<1’
|(a+ﬂ)| |(a+,3)p| |(a+ﬂ)p| |(a+,b’)p|
where p= (a(a + )+ B) , and hence,
2—aB <1.
(a+B)p
Thus, we find
2aB<(a+p)p,
and so,
(a-p)B<a(a+p).
Hence, the proof is complete.
O

In order to verify and support our theoretical outcomes and discussions, in
this concern, we investigate several interesting numerical examples.

Example 2.1. By Theorem 2.1, the +Vve equilibrium Equation (1.1) with
a=2, k=2, b =03, =01 and a=1, islocally stable (see Figure 1).

3. Global Stability of Equation (1.1)

In the following theorem, we check into the global stability of the recursive
sequence (1.1).
Theorem 3.1. The +ve equilibrium y ofEquation (1.1) is global attractor
if
B=a(a-p).
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x(i)
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Figure 1. The stable solution corresponding to difference Equation (1.1).

Proof. We consider the function as follow:

bu,,
f(uo,ul,...,u2k+l)=a+ i
i=0 Uy + Pl

From (2.2) and (2.3), we note that f is increasing in u,,,, and decreasing
in u, forall r=0,1,---,k.Suppose that (A,x) isa solution of the system

A=f (y,/l,,u,/l,---,/I)
=1 (A2 1, 1),
Then, we find

K
ﬂ/ =a-+ i ﬂ’ i
i oau+pi
and
Kk
u=a+>yh i
i=0 al+ ﬂ/_l
Hence, we get
PP (3.1)
au+ pA
and
p—ar—2H (3.2)
al+ pu

By (3.1) and (3.2), we obtain
B(2* - u*)-(ap+B-aa)(A-u)=0.
Thus,
(A—u)(B(A+n)-(a+B-aa))=0.
Since B=a(a—f3), we have that x =1 .Hence, the proof of Theorem 3.1 is
complete. O
4. Periodic Solutions

In this section, we enumerate some basic facts concerning the existence of two
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period solutions.

Theorem 4.1. Equation (1.1) has prime period-two solutions if
(aB+B-aa)(a-pB)> 4aap. (4.1)
Proof. Assume that Equation (1.1) has a prime period-two solution
...,p!glplo-,pidl'..

We shall prove that condition (4.1) holds. From Equation (1.1), we see that

Wy =Wp2o = =V =0 Vyu =V = =V, (k) = P
and hence,
ao + fp ap+ fo
Thus, we get
apo + fp* =aac +afp+Bp, (4.2)
and
apo + fp’ =aac +afo +Bo. (4.3)

From (4.3) and (4.2), we have
ﬂ(pz—02):aa(0'—p)+aﬁ(p—0')+ B(p-o).

Dividing (p—o), then we find

(p—l—g): af+B-aa (4.4)
B
By combining (4.2) and (4.3), we obtain
2apa+ﬁ(p2 +02)=(aa+a,8+ B)(p+o).
Since p?+0° = (,o+o-)2 —-2pc , we get
po = w (4.5)

Bla=p)
Now, evident is that (4.4) and (4.5) that p and o are both two positive
distinct roots of the quadratic equation
u?+(p+o)u+po=0. (4.6)
Hence, we obtain
(ap+B-aa) , 4aa
B a-p’

which has the same extent as
(af+B-aa)(a-p)>4aap.

Hence, the proof is complete. U

The next numerical example is mimicry to enhance our results.

Example 4.1. By Theorem 4.1, Equation (1.1) with «=0.02, f=0.01,
a=500, b,=2, b =200 and b,=20, has prime period two solution (see
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5. Boundedness

Theorem 5.1. Every solution ofEquation (1.1) is bounded and persists.

Proof Let {l//,7 }::7 be a Solution (1.1), we can conclude from (1.1) that

k V- i+
l//n+l=a+zbl '7(2 1)

i=0
Then

>a.
ay, o+ PV, i

v, >a forallp>—(2k +1).
Also, from Equation (1.1), we see that

k V. (s
l//)]+1 :a+zbi n—(2i+1)
i=0

al//q—Zi + ﬂ'//q-(zm)
k Vl —(2i+
<a+y b——— (24)

= ¥ -(2is)

[
—as)
then,

a<y, £a+% forall 7 > —(2k +1).

Thus, the solution is bounded and persists and the proof is complete.
Conclusion 1. In this paper, we study a asymptotic behavior of solutions of a

O
general class of difference Equation (1.1). Our results extend and generalize to
the earlier ones. Moreover, we obtain the next results:

The +ve

equilibrium point  of Equation (1.1) is local stable if
(a—p)B<a(a+ ﬂ)z . Also,if B=a(a—/f),then y is global attractor.
x104

2.5 T T T
2 s
1.51 1
=
1 =
0.5
0 | | | | | | | | |
0 10 20 30 40 50 60 70 80 90 100
i
Figure 2. Prime period two solution of Equation (1.1).
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- Equation (1.1) has a prime period-two solutions if

(ap+B-aa)(a-p)>4aap.

- Every solution of (1.1) is bounded and persists.
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